






Function Join (R, S, Overlap)
/* R.k takes its value in L
and S.I takes its value in R */
/* we assume card(R) < card(S) */
begin
/*...................................................................................................................ist step */
for each re R do

AV4:= 0;
AVi := MemberBlades(r.k, R.k) /* decomposition into elementary blades */
for each vi € AVi

/*.................................................................................................2ndstep */
\1= Left(vi); /* give the face on the left of blade vi */ 
vr:= Left(a(vi)); /* give the face on the right of blade vi */ 
/*.................................................................................................3rd step */
AV2 := OwnerRegions(vr, S.I); /* retrieve regions of S.I including face Vr */ 
AV3:= OwnerRegions(vi, S.I); /* retrieve regions of S.I including face Vj */ 
/*................................................................................................4th step */
AV4:= AV4 u (AV2 n AV3); /* discard the regions which border line r.k */

endfor
for each v4 e AV4

RES = RES u (r, succ_val(v4, S.I)); /* build the result made of tuple r */
/* and the tuple owning the region V4 */ 

endfor 
end

Figure 9: Join operator involving the overlap predicate

Finally, let us consider a version of the spatial Calculation operator involving 
the function of intersection of two regions. This operation is applied to two maps and 
produces the overlay of the maps. The corresponding algorithm is given figure 10. If 
we compare this algorithm to the previous ones, it can be decomposed into four steps 
with an empty second step, since containment relatioships between objects of the same 
type can be deduced from traversals along aggregation edges without the use of the 
topology. In this algorithm, the computation of n (r.k, S.I) is reduced to a simple set- 
intersection between two sets of faces with no access to the coordinates of the spatial 
objects geometry.

In our experience, most of the algorithms of binary geometrical operations can be 
decomposed into four steps. The first step decomposes the spatial attribute values of the 
first map into a set ESO1, using aggregation edges. The second step performs topological 
operations starting from ESO1 to reach a set ESO2 satisfying a topological predicate. The 
third step retrieves spatial attribute values of the second map which aggregate elements of 
ESO2, and the fourth step performs some supplementary verifications. For operations 
involving containment relationships on objects of the same type, the second step is not 
required. An important contribution of the extended topological map is that algorithms 
based on these four steps always access ESOs of the same spatial location.
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Function Calc (R, S, Intersection) 
/* we assume the R.k and S.I take their values in R */ 
begin 
/*...................................................................................................................1 st step */

for each r e R do
AVi := MemberFaces(r.k, R.k); /* decomposition into elementary faces */
AV2:= 0;
/*.............................................................................................................3rdstep */
for each vi e AVi

AV2=AV2UOwnerRegions(vi, S.I); /* retrieve regions of S.I including face vi */ 
endfor 
/*...........................................................................................................4th step */
for each \2 e AV2

AV3 := MemberFaces(v2> S.I); /* decomposition into elementary faces */ 
RES = RES + (r, succ_val(v2, S.I), AVi <~> AVs); /* build the result made */

/* of tuple r and of the tuple owning region */ 
/* V2 and of the intersection of r.k and V2 */ 

endfor 
endfor 
end

Figure 10: Calculation operator involving the intersection function

5. Implementation

There are many ways to implement the G6oGraph graph. It could be implemented 
within a Network DBMS, an Object Oriented DBMS or as an extension of a Relational 
DBMS. We detail below a particular implementation based on the third approach, and on 
the connection of GeoGraph with the DBGraph model [Pucheral90] (as detailed in 
section 4.1). The key point of this implementation is a good data clustering. The 
objective is to partition the two graphs of figure 5 into separate segments which can be 
loaded separatly according to the needs of operations being executed.

In order to ease the data partitionning, tuples and values are stored separately (see 
figure 11). Since the domains form a partition of the set of values V, all the values 
varying over the same domain can be clustered in a separate segment. Taking advantage 
of vertical partitioning, the values of one domain can be loaded independently of the 
others. Similarly, since the relations form a partition of the set of tuples T, the tuples of 
one relation can be stored in one segment. Each object stored in a segment has a unique 
and invariant identifier (OID). Thus, tuples and values can be referenced by OID's.

In the definition of a DBGraph, an edge between a tuple and a value can be traversed 
in both directions. Consequently an edge is represented with two physical arcs: one from 
the tuple to the value, and also a reverse arc. A tuple is implemented as an array of OIDs, 
each referencing its attributes values, which are stored in separate domains. These OIDs 
materialize arcs from the tuples to the values. Reverse arcs are materialized by inverted 
lists attached to the values. Each inverted list is divided into a set of sublists so that there
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is one sublist per attribute varying on the domain of the value. All these sublists are 
referenced by an array attached to the corresponding value. Because of vertical 
partionning, it is possible to cluster all the inverted sublists of one attribute into one 
segment. Indices may be added on domain values to speed up selections on all attributes 
varying on the same domain.

segment containing 
the inverted sublists 
of R.5

segment containing 
domain Dj

The temporary relation results from a join between R and S. 
The attribute S.4 is assumed to be a key attribute._____

Figure 11: implementation of the DBGraph part

Consider now the implementation of the Ge"oGraph part. There is a direct mapping 
between a value of the spatial domain point and a node. Thus attributes of type point 
directly reference node values stored in a node domain. Values of the spatial domain 
region (resp. line) are stored as set of OIDs referencing face (resp. blade) values stored in 
a face (resp. blade) domain. The sets of OIDs materialize aggregation links from spatial 
objects to ESOs. Reverse links from blades and faces to the tuples, materilize reverse 
aggregation links from ESOs to tuples containing spatial objects. Face and blade 
domains are stored like DBGraph domains with inverted lists in order to materialize these 
links. It is not necessary to maintain inverted lists for region and line values. For some 
attributes it may be inefficient to store the values separatly from the tuples because they 
are accessed each time the tuple is accessed, and graph traversals of costly operations 
don't use links between the corresponding attribute values and the tuples. Values of 
these attributes can be stored directly in the tuples. For example, region and line 
attributes fall in this category. Spatial indices are maintained for the three domains node, 
blade and face. Values of these domains are clustured with the spatial indices which 
reinforce the contribution of the vertical partitionning, since algorithms based on extended 
topological maps favors access to ESOs of the same spatial location (see section 4.4).

Values ot the three domains face, blade and node have a complex structure that stores 
the topology of the ESO map (see figure 12). The main part of this topology is supported 
by the blade values. A blade value is represented by a record containing five fields: (i) 
the ODD of the opposite blade, which materializes the a function; (ii) the OID of the next 
blade of the end-node, which materializes the a function; (iii) the OID of the left face of
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the blade, which, used in conjunction with the a function, allows retrieval of the two 
faces bordering the blade; (iv) the OID of the end-node of the blade, which is necessary 
to access to the inverted list of the node; and (v) the ODD of a coordinate list material!zing 
the geometry of the blade. Coordinate lists are stored in a separate domain without 
inverted list. This domain is clustered with a geometrical index. A face value is the OID 
of any blade of the face. The value of one node contains only the OID of one blade 
reaching it. This information is sufficient for a node since the o function gives the 
complete cycle of blades reaching it. Furthermore its geometry can be extracted from the 
geometry of one of its blade. In a similar way, the value of one face is composed of a 
record containing the OID of one blade of its boundary and a set of OID corresponding to 
the set of holes contained in this face. Applying a succession of a and a functions to the 
blade referenced by the face gives the complete cycle of blades of its boundary. Its 
geometry can be obtained from the geometry of all of these blades.
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Figure 12: Spatial values representation

5. Summary and futur work

In this paper, we have presented the GeoGraph storage model, a toolbox supporting 
low layers of GIS in an extensible way. The definition of this model was given 
independently of implementation detail, in terms of a graph structure and primitive 
operations on that structure. This facilitates the description of the toolbox functionality, 
and supports our argument of general utility. Topological information and geometric 
information of several maps are incorporated in a single graph that directly supports 
geometric operations based on adjacency and containment relationships. This graph is 
based on the topological map theory guaranteeing that all updates on topological 
information are coherent, and providing a minimal set of operations to navigate through 
the graph.

Although GeoGraph is intended for various higher level data models, we illustrated 
the utilization of this storage model in the context of an extensible relational DBMS. In 
this context, the resulting GIS is itself extensible and can exploit fully the toolbox aspect 
of GeoGraph. We showed that the GeoGraph graph can be integrated with relational data 
in a straightforward fashion. Algorithms of the main geographical operations have been
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given in an abstract form using the basic primitives of G6oGraph. These algorithms, 
based on graph traversals, are simple and exibit desirable locality properties.

A specific implementation of the GeoGraph model has been proposed. This 
implementation avoids data duplication and shows that the GeoGraph graph can be 
partitioned to minimize disk trafic. Spatial data are clustered with spatial indices. This, 
combined with the space locality properties of the algorithms, reinforce the contribution 
of vertical partitionning. This implementation is currently being experimented in the 
framework of the GeoTropics system, an extensible GIS based on extensions of SQL 
[Bennis90].

Additional research will be useful in enhancing the G6oGraph model. For example, 
the decision to always overlap geographical maps has some drawbacks: operations 
involving only one map can be slowed down, since the number of elementary storage 
elements can be unnecessarily large. It may prove more efficient to selectively overlap 
layers based on the frequency of their joint use in queries[David90].
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Abstract

The need for complex modelling and analysis of 3-dimensional data within a 
spatial information system (SIS) has been established in many fields. While much of the 
data that is currently being modelled seems to require "soft-edge" data structures such as 
grids or rasters, the need for certain types of complex topological modelling and analysis 
is clear. Current plane topology models such as the winged edge, widely used in 
computer aided design (CAD), are limited in the types of analysis that can be performed 
but useful because of their basis in the field of algebraic topology. This paper firstly 
reviews the neighborhood structure provided by current plane topological models. It then 
describes the derivation of a fundamental set of binary topological relationships between 
simple spatial primitives of like topological dimension in 3-space. It is intended that these 
relationships provide both a measure of modelling sufficiency and analytical ability in a 
spatial information system based on three dimensional neighborhoods.

1. Introduction

Modelling and analysis of 3-dimensional spatial phenomena has become a 
critical need in many applications, particularly the earth sciences. One of the traditional 
approaches to the modelling problem is to subset the sampled data from the 3D 
phenomena into individual spatial objects based upon theme or convenience; each spatial 
object can then be decomposed into a set of abstract geometric primitives - points, lines, 
faces and volumes; and a set of spatial relationships describing how the object may be 
reconstructed from these primitives. Analysis of the spatial phenomena requires not only 
the spatial relationships between the primitives required to reconstruct individual spatial 
objects, but also those relationships describing how the individual spatial objects interact. 
Such an approach is one method by which spatial objects may be modelled and analyzed 
according to theme or view in a larger model of the real phenomena.

1 From April 11th, 1991, author's address will be: Centre for Spatial Information 
Studies, University of Tasmania, GPO Box 252C, Hobart, Tasmania, Australia, 7001. 
Internet email address: pigot@sol.surv.utas.oz.au
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Topology is useful in both modelling and analysis because it provides simple 
and very useful spatial relationships, such as adjacency and connectivity. Topology can 
be thought of as the most primitive layer in a hierarchy of spatial relationships, where the 
next level of refinement is provided by the addition of familiar concepts based on a metric 
(ie. distance, direction etc.). Recent work by (Greasley 1988),(Kainz 1989) and (Kainz, 
1990) in lattice theory seems to suggest that order relationships may exist at a similar 
level to topology.

Current topological models are either loosely or strongly based on a structure 
from algebraic topology known as the cell complex. The cell complex (in conjunction 
with graph theory) provides rules to govern the decomposition of a continuous 3D object 
into a finite number of points (0-cells), lines (1-cells), faces (2-cells) and volumes (3- 
cells). In governing the decomposition, the cell complex allows for the explicit 
description of three fundamental topological concepts: adjacency, connectivity and 
containment. Other relationships between individual objects such as whether two objects 
are disjoint or apart, may be provided by embedding individual cell complex(es) within a 
single cell or world cell and using the explicit relationships in combination to derive the 
particular relationship required. For example, it may be possible to analyze the explicit 
relationships to determine if two faces meet at a point (compare node connectivity of 
surrounding lines) or share a line (directly from adjacency). However, some relationships 
cannot be derived from these explicit relationships and may violate some of the rules of 
the cell complex, e.g. in 2-space (R^) overlapping polygons (Egenhofer et. al. 1989); in 
3-space (R^), intersecting volumes or a face meeting another face at a point are all known 
to violate the rules of the cell complex governing the decomposition. In (Molenaar 1990) 
it is suggested that other relationships such as a line internal to a volume, also do not fit 
easily within the cell complex. From other work in 3D SIS (Youngmann 1988) and CAD 
(Weiler 1986), it appears that at least some of the modelling and analysis problems could 
be solved by combining the solid, surface and wire frame modelling approaches of CAD.

In this paper, the limitations of the cell complex are described by analyzing 
the direct and indirect topological relationships between cells that it provides. A layered 
set of fundamental binary topological relationships between simple lines, faces and 
volumes in R^ based on point-set topology and extended from the work of (Egenhofer et. 
al. 1990) and (Pullar et. al. 1988) will be derived and presented. This paper and future 
research will attempt to integrate these intuitive yet powerful topological relationships and 
concepts with cell complex theory from algebraic topology since the power of the cell 
complex lies not in the nature and type of topological relationships that it allows, but in 
the ability to pose and solve topological problems as algebraic problems. It is expected 
that this approach will yield advantages both in modelling and analysis. For modelling 
purposes, the new topological relationships are intended to be used to ascertain the 
sufficiency of a cell complex based on 3D neighborhoods and provide insight into other 
useful structures such as lattices. Compactness and efficiency could be maintained by 
modelling only the coarsest topological relationships. For analysis purposes, a detailed
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set of basic topological relationships should provide either direct answers or at least the 
starting point of an answer, to complex spatial questions about the objects being 
modelled. In addition, enhancements to the fundamental modelling capability based on a 
complete set of topological relationships should allow boolean operations to be closed, i.e 
boolean operations may occur without the problem of not being able to model the result.

Sections 2 and 3 of this paper are concerned primarily with the cell complex. 
Section 2 introduces the necessary theory from algebraic topology and section 3 describes 
the current application of cell complex theory and the topological relationships which can 
be modelled. Section 4 introduces the necessary theory from point-set topology and 
presents the derivation of the new and richer set of topological relationships for R.3. 
Finally, section 5 concludes this paper with a summary of the results and the directions 
that will be taken in future research.

2. Topology

Topology is defined as the set of properties which are invariant under 
homeomorphisms (Alexandroff 1961) - one-to-one, continuous and onto 
transformations. Intuitively, it is easier to think of a homeomorphism as a kind of elastic 
transformation which twists, stretches and otherwise deforms without cutting. From the 
definition of topology as the study of those properties which remain invariant under 
homeomorphism, two objects are topologically equivalent if either can be transformed 
into the other using this type of elastic transformation. Clearly, metric properties such as 
distance, angle and direction are affected by homeomorphism and hence are not 
topological properties. It is the notion of homeomorphism which provides a fundamental 
or primitive set of spatial relationships (Chrisman 1987).

About Neighborhoods

The neighborhood of a point is any open set (ie. a set that does not include its 
boundary) that contains the point. Neighborhoods can be defined in any abstract manner, 
but the most common are those that have a metric interpretation. For example in 2D, the 
neighborhood of a point can be considered as any 2D "flat" disk containing that point.

About Manifolds

A manifold is an n-dimensional surface of which every point has a 
neighborhood topologically equivalent to an n-dimensional disk.This property is usually 
defined as local flatness. Manifolds are of interest because of their useful topological 
properties (in particular, the notion of orientation) which are inherited by the cells of a cell 
complex.

About Simplexes. Cells and Complexes
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An n-simplex is the n-dimensional simplest geometric figure eg. a 1-simplex 
is a line, a 2-simplex a triangle and a 3-simplex a tetrahedron - in essence, an n-simplex 
has n+1 vertices and may be viewed as the smallest closed convex set containing the 
given vertices (Alexandroff 1961). An n-simplex is the homeomorph of an n-cell. eg. any 
closed polygon which does not have an internal boundary (ie. genus 0) is homeomorphic 
to a triangle or 2-simplex. Because of this topological equivalence all results for 
simplexes generalize to cells.

An n-simplex is a composite of n-l,n-2,...,l simplexes. eg. a 2-simplex or 
triangle, is bounded by three 1-simplexes, which meet at three 0-simplexes. In 
(Egenhofer et. al. 1989) this property is termed "Completeness of inclusion".

An n-simplicial complex or more generally an n-cell complex is the 
homeomorph of an n-dimensional polyhedron whose faces are all (n-l)-cells, no two of 
which intersect except at a cell of lower dimension. In (Egenhofer et. al. 1989) this 
intersection restriction is termed "Completeness of incidence". With this restriction, an n- 
cell complex may inherit the properties of an n-manifold, thus accessing the topological 
properties of manifolds, the most important of which is orientation. The notion of 
orientation is usually applied to the 1-simplex by defining one of the bounding 0- 
simplexes or points as a point of origin and the other as a point of termination. Relative 
orientations can then be assigned to all higher simplexes according to the traversal of 
bounding 1-simplexes.

About Duality

Two dual operators which arise from these completeness axioms are termed 
boundary and coboundary, originally attributed to Poincar6 (Corbett 1985). The 
boundary of an n-simplex is the incident set of n-1 simplexes. For example, a 3-simplex 
(tetrahedron) has 4 incident 2-simplexes, 6 incident 1-simplexes and 4 incident 0- 
simplexes. The coboundary of an n-simplex is the set of n+1-simplexes incident to the 
given n-simplex. For example, a 1-simplex may have two 2-simplexes cobounding it 
(one either side). The following table shows each cell and its dual, for R^;

Primal Dual
0-cell 3-cell
1-cell 2-cell
2-cell 1-cell
3-cell 0-cell

An important and powerful implication of duality is the fact that a primal may 
be represented and manipulated algebraically using its dual state. For example, 3-cells or 
volumes in a 3D SIS can be manipulated and represented by their dual state, the 0-cell or 
point.
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3. Current Topological Models

Current topological models used either explicitly or implicitly in SIS and 
CAD fields are rather similar, despite the fact that CAD models are more generally used 
for 3D modelling and SIS are predominantly concerned with 2D models.

In SIS, 2D phenomena are assumed to be a connected set of points and lines 
(or a graph) which can be embedded in a 2-manifold - thus creating a set of connected 
and unconnected (or internal areas) (Corbett 1975),(Corbett 1979),(White 1983) and 
(White 1984). The application of the dual concepts of boundary and coboundary as 
described in the last section, provides connectivity and adjacency. Internal areas are 
described by simple application of homology theory. The data structures employed in 
such models are abstracted from graph theoretic concepts. Examples of systems built 
around these principles include DIME (Corbett 1975), ARC/INFO, TIGRIS (Herring, 
1987), TIGER (Boudriault 1979).

In CAD and SIS surface modelling, even though 3D phenomena are being 
modelled, the current assumptions and resulting models are the same. The planar face of 
a 3D polyhedron is embedded in a 2-manifold and the embedded faces exist in 3D space 
resulting in a set of connected and unconnected (or internal) faces and volumes. The same 
application of the dual concepts of boundary and coboundary provides connectivity and 
adjacency e.g. (Corbett 1985) is a 3D extension of (Corbett 1975) and (Corbett 1979). 
Internal faces and volumes can be described by application of homology theory similar to 
that used for 2D SIS. The data structures employed in such models, such as the winged- 
edge model of (Baumgart 1975) and its later variants, e.g. (Braid et. al. 1978), (Woo 
1985) and (Weiler 1985) are also based on graph theory and have been used extensively 
in CAD.

Both of these topological models can be described as vector, edge or 
boundary data structures and the particular topological relationships which are modelled 
can be classified using a system of relationships between 0,1 and 2D primitives specified 
in (Baer et. al. 1979) - see figure 1. Analysis of figure 1 shows that the main topological 
models in use, the winged-edge model in (Baumgart 1975) and the 2D map model in 
(Corbett 1975) and (Corbett 1979), both model the same set of relationships - EV and EF 
(from EV can derive VE, VV and EE, from EF can derive FE and FF, and from EF and 
EV together can derive VF and FV). Note that EV and EF give connectivity and 
adjacency corresponding with the boundary/coboundary principles of the cell complex - 
both models are basic applications of the cell complex. Most practical models do allow 
useful extensions that would normally be excluded by pure cell complex theory. For 
example, "dangling" lines - lines which are not connected at one or both ends to any other
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line.

The algebraic structure provided by cell complex theory has been 
reinvestigated in (Egenhofer et. al. 1989) and (Frank and Kuhn 1986) using concepts 
specified in (Giblin 1977) and (Moise 1977). This work has been applied to geological 
layers in (Carlson 1986) and to algorithms for editing triangular irregular networks in 
(Jackson 1989). The stated approach to the construction and maintenance of the cell 
complex is different to that taken previously because the construction and maintenance 
operations on the complex use topological concepts only - distance and other metric 
notions are not required.

W VE VF

EE

VF EF FF

Figure 1-9 Relationships of (Baer, Henrion & Eastman 1979)

The intention is to avoid or at least minimize any inconsistency between the metric 
geometry and the topology that may be introduced by the limited precision arithmetic of 
computing devices (Franklin 1984). The other interesting aspect of (Egenhofer et. al.

373



1989) is that the construction and maintenance techniques are dimension independent.

In all models the necessary topological descriptions of faces with internal 
faces and volumes with internal volumes are described by the application of another 
branch of algebraic topology known as homology theory, e.g. (Corbett 1975), (Corbett 
1979), (White 1983) and (Weiler 1985). Homology provides methods by which these 
internal faces and volumes may be detected by analysis of bounding cycles in cell 
complexes. In a wider sense homology groups give an indication of the connectivity 
present - internal faces and volumes may be regarded as homology group generators. In 
(Saalfeld 1989) other homology groups and additional homology theory are described 
and used in an attempt to determine the number of polygons resulting from the overlay of 
two maps.

4. Topological Relationships

What topological relationships may exist between abstract geometric 
primitives in euclidean 3-space? To answer a detailed question about the nature and type 
of all topological relationships is an attempt to classify the types and situations of 
manifolds. This is possible for R* (1-space) and R^ (2-space) however, R3 (3-space) 
has a number of quite difficult and unexpected situations which make general 
classification very difficult. See (Zeeman 1961) and (Alexandroff 1961). Fortunately, it 
is not necessary to attempt this. A number of assumptions about the nature of the 
relationships and the geometry of the n-cells involved can be made without limiting the 
power and application of the derived relationships. Specifically, only binary topological 
relationships between closed, connected (genus 0 - no internal holes) n-simplexes will be 
considered. The use of simplexes rather than cells is intuitive; simplicial complex theory 
is the starting point for the more generalized and advanced cell complex theory. Cells can 
be decomposed into simplexes in what is termed a simplicial decomposition, thus the 
results derived using simplicial complex theory can be generalized to cell complex theory 
via the decomposition.

In section 3, it was shown that cell complex theory as it is currently 
implemented in plane topology models allows a number of useful topological 
relationships such as adjacency and connectivity. In effect, cell complex theory allows n- 
dimensional adjacency (= connectivity in Rl), containment and the complement 
relationship of disjoint existing where no adjacency can be found. In essence, the main 
function of the cell complex is to allow specification of topological problems using 
algebraic methods, the definition of the algebraic operations being confined by the 
intersection rules (the set of allowable topological problems).

Point-set topology (classical topology) provides a much more intuitive view 
of topological relationships. In this paper, point-set binary topological relationships 
between 1-simplexes in R^, 2-simplexes in R^ and 3-simplexes in R^ are based on 
consideration of the fundamental boundary, interior and exterior point-sets of any n-
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simplex in Rn. Additional point-sets are formed generically by embedding the n-simplex 
and its fundamental point-sets for Rn , within Rn+l. Consideration of the possible 
intersections of these point-sets with the boundary point-set of a second n-simplex then 
gives the fundamental topological relationships. The relationships are point-set 
topological relationships because they are derived from the intersection of these 
fundamental point-sets only.

The resulting binary topological relationships are very detailed. A number of 
methods can be chosen to aggregate or subdivide them into a hierarchy of detail. The 
method of aggregation chosen in this paper is consistent with the topological notion of 
homeomorphism. Each of the resulting binary topological relationships is considered to 
be the union of the two n-simplex point sets involved. Some topological relationships are 
then homeomorphic and can be replaced by a single homeomorph. The resulting tree 
structure then provides two levels of detail, the most descriptive relationships being 
found at the "leaves" of the tree. Further subdivision and grouping could also occur by 
considering the dimension of the spatial intersection between the two n-simplexes in each 
relationship as proposed in (Egenhofer et. al. 1990).

In all of the following discussion, a 1-simplex is called an interval, a 2- 
simplex is called a face and a 3-simplex is called a volume.

Theoretical Background

All results used and derived in this section are for metric topological spaces 
since metric topological spaces are most commonly used for modelling purposes. Metric 
topological spaces are a subset of general topological spaces.

An n-simplex in Rn divides Rn into three useful and intuitive point-sets, well 
known in point-set topology; eg. (Kasriel 1971)

Interior ° set of an n-simplex C: a point x is an interior point of C provided 
there exists an open subset U such that x is an element of U and U is strictly contained 
within C. The union of all such points is the interior set

Boundary set 3 of an n-simplex C: C -

Exterior set of an n-simplex C: Complement of C.

A simple and complete method can be found for finding all topological 
relationships between two closed, connected n-simplexes. In (Pullar et. al. 1988), 
(Driessen 1989) and (Egenhofer et. al. 1990) only the intersection of the boundary and 
the interior point-sets of the two n-simplexes is used to derive topological relationships. 
In this paper, a more powerful and fundamental method is used which is based on the set
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intersection of the boundary, interior and exterior point-sets of an n-simplex nj and the 
boundary, interior and exterior sets of another n-simplex n2 in Rn . In practice, the 
derivation of relationships can be simplified by considering the possible set intersection 
of the boundary point-set of n^ and the interior, exterior and boundary point-sets of n^ 
since the boundary set of n^ naturally defines the interior and exterior point-sets of nj 
and governs their possible relationships with the sets of n^- Further detail can then be 
added to each relationship if required by considering the set intersection of the interior 
and exterior sets of n ̂  with those of n2-

Up till now the definitions of the fundamental point-sets of an n-simplex have 
been given in terms of an n-simplex in Rn, however in order to analyze intersections 
between n-simplexes in Rn+l it is necessary to consider what happens to the simplex and 
its point-sets in Rn when they are embedded in Rn+l. This is of particular importance to 
this research, since the aim is to derive topological relationships between 1-simplexes, 2- 
simplexes and 3-simplexes in R^.

The closed boundary and open interior and exterior point-sets of an n- 
simplex in Rn are all closed point-sets when considered relative to Rn+l since the union 
of these point-sets is an n-manifold equivalent to Rn, and Rn itself is a closed point-set in 
Rn+l. Since the intersection process is reliant upon the existence of these three point-sets 
then we have a problem, the solution to which can be found by considering the 
dimension of the n-manifold created from the union of these point-sets and the dimension 
of the space in which they to be embedded. In Rn, we are considering the intersection of 
the boundary, interior and exterior point-sets of two n-simplexes in the same n-manifold 
which is equivalent to Rn. In Rn+l, we consider not only the situation in Rn where both 
n-simplexes are in the same n-manifold, but also the complement situation which occurs 
when both n-simplexes are in different n-manifolds. Clearly any intersection between the 
boundary, interior and exterior point-sets of the two n-simplexes will always occur where 
the two n-manifolds meet, hence if the open/closed point-set properties of the interior, 
exterior and boundary point-sets of an n-simplex are considered strictly relative to the n- 
manifold formed by their union, then their open/closed point-set properties are preserved 
and can be used without loss of generality regardless of the dimension of the space in 
which the n-manifold(s) created from their union are embedded.

It is now necessary to find a simple and comprehensive way of analyzing the 
intersection possibilities between two n-simplexes in Rn+l excluding the subset formed 
specifically for Rn when both n-simplexes are in the same n-manifold. This can be done 
by choosing a specific embedding of such an n-manifold or equivalently Rn, in Rn+l. If 
Rn and Rn+1 are metric spaces with standard orthogonal basis vectors (or coordinate 
system axes) then if we choose the embedding such that the n orthogonal basis vectors of 
Rn are coincident with n of the n+1 orthogonal basis vectors of Rn+ l, then Rn 
disconnects Rn+ l into two open point-sets corresponding to the opposing directions of
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the n+lth orthogonal basis vector of Rn+ l. Using this fact the derivation method for 
possible intersections between n-simplexes in Rn+ * can be extended simply by 
considering those intersection combinations involving either or both of the two new 
point-sets resulting from the embedding.

In the summary of the theory and the rest of this paper, the generic term set is used in 
place of point-set. The theory can now be summarised in five steps as follows;

1. Formulate the boundary, interior and exterior sets of an n-simplex n j in Rn.
2. Derive basic relationships based on all possible set intersections of the boundary 
set of a second n-simplex ^2 anc^ ^e interior, boundary and exterior sets of the n- 
simplex nj from step 1.
3. Consider the union of the interior, exterior and boundary sets of any n-simplex 
in Rn as an n-manifold equivalent to Rn with the definition of the open/closed 
properties of these sets strictly relative to Rn.
4. Disconnect Rn+ l into two new open sets by choosing an embedding of Rn 
(created in step 3) in Rn+ l such that the n orthogonal basis vectors of Rn are 
coincident with n of the n+1 orthogonal basis vectors of Rn+l.
5. Derive additional relationships based on the possible set intersections of the 
boundary set of an n-simplex ^2 w^ *e boundary, interior and exterior sets of the 
a second n-simplex nj with the boundary set of n2 intersecting either or both of the 
two new sets predicted in step 4.

Intervals (l-simplexes)

The boundary, interior and exterior sets of an interval ij in R 1 are shown in 
figure 2.

D

Figure 2 - The exterior, boundary and interior sets of an 
interval in Rl

Note that there are two distinct closed boundary sets (B and D), two distinct open exterior 
sets (A and E) and a single open interior set (C). The union of the sets A,B,C,D and E is 
a 1-manifold equivalent to R*. All possible binary topological relationships between two 
intervals in R* can then be derived by choosing any two points x and y forming the 
boundary set of a second interval i^ either from the same set or each from a different set, 
and making these the boundaries of an interval joining them. The created interval \i will 
then either intersect interval \\ in some way or be disjoint from it. e.g. If both points x 
and y are chosen from set A (the left exterior set) then the created interval \i will not
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intersect ij. The unique combinations and their spatial interpretations are shown in figure 
3.

X •

Figure 3 - Possible choice combinations of the two boundary points x,y from the 
boundary, interior and exterior sets of an interval in Rl

From figure 3, it is possible to distinguish those choices which give distinct relationships 
and name these distinct relationships as follows; (8 = element of a set)

x £ boundary set B or D, y £ boundary set D or B -> ij equals \2
x,y £ exterior set A or E -> il and \i are disjoint
x,y £ interior set C -> ij contains 12
x £ exterior set A or E, y £ interior set C -> ij and \2 overlap
x £ exterior set A or E, v £ boundary set B or D -> \\ meets \i
x £ boundary set B or D, y £ interior set C -> i\ and \2 share

	common bounds

Note that these six relationships are the same as those derived in (Pullar et. al. 1988). The 
names given to the six distinct relationships are also taken from (Pullar et. al. 1988).

If we define the open/closed properties of these sets strictly relative to R1 
then these sets and the set relationships in R.1 are preserved when the five sets A,B,C,D 
and E whose union comprises R.1 are embedded in R.2. As for the new sets created by the 
embedding; if the embedding of R^ in R^ is chosen such that the basis vector of R^ 
corresponds to one of the two orthogonal basis vectors of R^, then R^ will be divided 
into two open sets F and G, separated by a third set corresponding to Rl. The situation is 
shown in figure 4. R! is represented by the line L.
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F 
D

X̂C

G

R2 
If

-4-

Figure 4 - New point sets F & G obtained by embedding Rl in R2

All possible binary topological relationships between intervals in R^ can be 
derived in the same way as for Rl, by choosing two points either from the same set or 
from a different set and making these the boundary of an interval. Since those 
relationships derived in R! apply without modification in R^, only the new combinations 
where x,y are elements of either or both sets F and G will be considered.

The set relationships can be divided into groups by examination of figure 4. 
The first group occurs when both boundary points are in the sets A,B»C,D or E which 
comprise R* (the line L) and has already been considered above. The second group 
occurs when either one or both of the boundary points of \^ are contained within either F 
or G. The spatial situation corresponds to the interval \^ being either left or right of the 
line L. The possible combinations and their spatial interpretations are shown in figure 5a.

B D
Figure 5a - Intersection between the boundary point y of interval i2 and

the boundary, interior and exterior sets of interval il when boundary 
point x of i2 is always chosen from the point set F (or equivalently, G).

The following set relationships may be distinguished based upon which sets the 
boundary points x and y intersect;

x£ set F, y£ setF OR
x£ set G, y£ setF OR
x e set F or set G, y e exterior set A or E ij and \i disjoint
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x£ set F or set G, y £ boundary set B or D 
* £ set F or set G, y £ interior set C

-> 11 meets 12
-> ii intersects \i

The third group occurs when one of boundary points of \2 is an element of F and the 
other is an element of G, indicating that the interior set of interval \2 intersects the line L 
(the boundary, exterior and interior sets of ij) at a point. The possible combinations and 
their spatial interpretations are shown in figure 5b.

D

Figure 5b - Intersection between the interior set of interval 12 and
the boundary, interior and exterior sets of interval il when x and y 
are chosen from the point sets F and G respectively.

The three resulting relationships are distinguished according to which set of ii that the 
interior of \2 intersects (in fact, the three possible relationships between a single point and 
the interior, boundary and exterior sets of an interval);

x 6 set F, y £ set G, intersect exterior set A or E
x £ set F, y £ set G, intersect boundary set B or D
x £ set F, y £ set G, intersect interior set C

-> ij and \2 disjoint
-> ii intersects \2
-> ii and \2 cross

By consideration of both these groups, the only new relationships which result are 
intersect and cross, making a total of 8 relationships between intervals in R^. For R^ 
also, no new relationships result because embedding the scheme for R^ shown in figure 
4, in R3 produces two new sets as a result. The same process of reduction for R^ reveals 
no new relationships - hence there are eight relationships between intervals in R^.

To reduce these 8 relationships in detail, the union of the boundary and 
interior points-sets of ii and \2 is considered. Relationships can then be eliminated which 
are homeomorphic. For intervals, this results in relationships; meet, overlap, contains, 
equal, common-bounds all being homeomorphic to a single interval. Thus, the complete 
two layer hierarchy of binary topological relationships between intervals (1-simplexes) in 
R3 is shown in figure 6.
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disjoint cross intersect

meet commonbounds concur overlap equal

Figure 6 - The eight unique binary topological relationships between 1-cells 
inR3

Faces (l-simplexes)

The boundary, interior and exterior sets of a face (or 2-simplex) a i in R^ are 
shown in figure 7.

A
B

Figure 7 - Exterior (A), Boundary (B) and Interior (C) point-sets of a face in R2

Note that there is a single closed boundary set (B), a single open exterior set (A) and a 
single open interior set (C). The union of sets A,B and C is a 2-manifold equivalent to
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R.2. All possible binary topological relationships between faces in R^ can then be derived 
from the possible set relationships between the boundary, interior and exterior sets A, B 
and C of a\ and the boundary set X of &2- e.g. if the boundary set X of a2 is contained 
within the interior set C, then the face a% will be contained within aj. The combinations 
matrix showing the possible relationships between the boundary of the face &2 and the 
exterior, boundary and interior sets A,B, and C of aj is shown in table 1.

Exterior A

Boundary B

Interior C

X

X

X

X

X

X

X

X

X

X

X

X

Table 1: Set intersection relationships between the boundary set of a2 
and the interior, exterior and boundary sets of al in R2

Note that the seventh relationship in the last column of table 1 is not possible 
in R~ because of the restriction to closed, connected faces.

The six distinct relationships and their names are the same as those in 
(Egenhofer et. al. 1990). The spatial interpretations are shown in figure 8.

af

equal

overlap meet commonbounds

Figure 8 - Six possible relationships between faces based on the intersection of 
the boundary set of face a2 and the exterior, boundary and interior sets 
of face al in R2
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Figure 9 - New point sets D & E obtained by embedding the union 
of the boundary (B), exterior (A) and interior (C) of a face 
al in R3 (A U B U C = R2).

If we define the open/closed properties of these sets strictly relative to R2 
then these properties and the set relationships in R2 are preserved when the 2-manifold 
(equivalent to R2) formed by their union is embedded in R^. If the embedding is chosen 
such that any two orthogonal basis vectors of R2 are coincident to two of any three 
orthogonal basis vectors of R3 then R2 disconnects R3 into two open sets with the third 
open set corresponding to R2 itself. The situation is shown in figure 9.

All possible binary topological relationships between faces in R3 can be 
derived in the same way as for R2, by considering the possible set relationships between 
boundary set of a face &2 and the boundary, interior and exterior sets of the face aj plus 
the two new sets D and E which result from embedding R2 in R3 . Since all set 
relationships derived for R2 are preserved in R3 , only the combinations involving the 
new sets D and E will be considered.

By examination of figure 9, the set relationships can be divided into two 
groups. The first group represents the situation where the boundary set X of a2 is 
contained within the plane P formed from the union of the interior, exterior and boundary 
sets of aj. This situation corresponds to faces in R2 and was considered above. The 
second group corresponds to the situation where the boundary set X of &2 intersects 
either D or E but not both. This corresponds to the spatial situation where &2 *s 
completely on one side of the plane P formed by the boundary, interior and exterior sets 
A,B and C of aj. In this situation, the boundary set X of &2 may intersect the plane P and
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hence the boundary, interior and exterior sets A,B and C or not at all. All combinations 
are shown in table 2.

12345678

Exterior A

Boundary B

Interior C

Above D

Below E
X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

Table 2: Set intersections between the boundary set X of a2
and the interior (A), exterior (B) and boundary (C) sets of al in R3 when al
intersects only one of the sets D or E.

Figure 10 - Relationships formed by the intersection of the boundary set X of a face a2 
with the boundary, interior and exterior sets (A3 and C) of a face al when 
the boundary set of of the face intersects the point-set D (or E). a2 is shown 
shaded, however only the black outline is the boundary set of a2
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Since the topological relationships are the same no matter which set D or E on 
either side of the plane P the boundary set of &2 intersects, the combinations are shown in 
the table with the marker offset between D and E. Note that relationship 7 is not possible 
between two closed connected simplexes. The other seven relationships are shown 
spatially in figure 10.

The third group of relationships occurs when the boundary set X of &2 
intersects both D and E and hence must intersect the sets A,B and C of a j at an interval 
whose boundaries correspond to two points from the boundary set X of &2 and interior 
corresponds to the interior set Y of &2- The possible combinations between the boundary 
set X of &2 and the boundary, interior and exterior sets A,B and C of aj when the 
boundary set X intersects both D and E as well, are shown in table 3.

10 11 12 13 14 15

Exterior A

Boundary B

Interior C

Above D

Below E

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

Table 3: Set Intersections between the boundary of set X of a2 and the 
exterior (A), boundary (B) and interior(C) sets of al in R3 when the 
boundary of a2 intersects both of the sets D and E.

The spatial interpretations are shown in figure 11. Note that for relationship 
10 in column two, the interior set of the face &2 mav be used to derive a second 
possibility. These relationships are marked lOa and lOb in the spatial interpretations of 
these relationships, shown in figure 11. In addition, relationship 14 is not possible 
between closed, connected faces.

By examination of all relationships in figures 8, 10 and 11, the number of 
unique relationships between faces in R^ is fourteen since relationships 1,4 and 11 are 
particular types of the disjoint relationship shown in figure 8 and relationships 3, 6 and 
13 are particular types of the meet relationship shown in figure 8.
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Figure 11 - Relationships formed by the intersection of the boundary set X of a face a2 
with the boundary, interior and exterior sets (A3 and C) of a face al when 
the boundary set of of the face intersects both point-sets D and E (passes through! 
the plane P formed from the union of the boundary, interior and exterior sets of al. 
Although a2 is shown shaded, only the black outline is the boundary set

To reduce these fourteen relationships in detail, the union of the boundary 
and interior points-sets of aj and a2 in each relationship is considered. Relationships 
which are homeomorphic can then be reduced to their homeomorphs. Thus, the complete 
two layer hierarchy of binary topological relationships between faces (2-simplexes) in R^ 
is shown in figure 12.

Volumes (3-simplexes)

The boundary, interior and exterior sets of a volume (or 3-simplex) v^ in R^ 
are the same as for a face in R2 (Figure 7). There is a single closed boundary set (B), a 
single open exterior set (A) and a single open interior set (C) just as there was for faces in 
R2 in the previous section. The union of sets A,B and C is a 3-manifold equivalent to 
R^. All possible binary topological relationships between volumes in R^ can then be 
derived from the possible set relationships between the boundary, interior and exterior
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Figure 12 - Hierarchy of 
topologicalrelationships between 
faces in R3.
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sets A, B and C of v\ and the boundary set X of \2- e-S- ^ ̂ e boundary set X of \2 *s 
contained within the interior set C, then the volume \2 will be contained within \\. The 
combinations matrix showing the possible relationships between the boundary of a 
volume \2 and the exterior, boundary and interior sets A,B, and C of v^ is shown in 
table 4.

Exterior A

Boundary B

Interior C

X

X

X

X

X

X

X

X

X

X

X

X

Table 4: Set intersection relationships between the boundary set of v2 
and the interior, exterior and boundary sets of vl in R3

Note that the seventh relationshi p in the last column of table 4 is not possible 
in R.3 because of the restriction to closed, connected volumes. Not surprisingly the 
relationships are the same as those between closed, faces in R .

The six distinct relationships and their names are the same as those used in 
(Egenhofer et. al. 1990). The spatial interpretations are shown in figure 13.

overlap meet

commonbounds

Figure 13 - Six fundamental relationships between the boundary
set of a volume v2 and the boundary, exterior and interior 
sets of a volume vl
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Note that is also possible to use the sixteen different boundary-interior set 
intersection combinations and the theory shown in (Egenhofer et. al. 1990), to derive the 
same eight relationships between volumes or 3-simplexes. The only change in the theory 
required is the use of an extension of the Jordan-Brouwer separation theorem to Ry, 
given in (Alexander 1924).

To reduce these 8 relationships in detail, the union of the boundary and 
interior sets of vj and \2 m each relationship is considered. Relationships which are 
homeomorphic can then be eliminated. For volumes in R^, this results in meet, overlap, 
contains, equal and common-bounds all homeomorphic to a single volume.

5. Conclusions and Future Research

The final aim of this research is a compact and powerful spatial information 
system for 3D modelling and analysis. Since topological situations in 3-space are 
complex and difficult, a natural starting place for the development and investigation of a 
3D neighborhood topological model is to limit the types of relationships to those that may 
occur between simplexes since they may be generalized to complex problems via a 
simplicial decomposition. The topological relationships limiting the cell complex as 
currently used in 3D topological models for SIS and CAD have been described. To 
provide a better theoretical basis for 3D situations, a generic and reusable method for 
deriving fundamental point-set topological relationships between two closed, connected 
n-simplexes (genus zero) in Rn+ l (and higher dimensions) has been developed. The 
generalized method of derivation can be summarised in two steps;

1. Consider the set intersection of the boundary set of a single n-simplex r\2 
with the boundary, interior and exterior sets of a second n-simplex nj in Rn.

2. Extend these relationships by including either or both of the two additional 
sets created by embedding the n-manifold created from the union of the boundary, 
interior and exterior sets of nj in Rn+1.

Using this method, the derived sets of binary topological relationships for R^ 
have been presented as a two-layer hierarchy. Relationships in the first layer are created 
by considering the union of the boundary and interior sets of the two n-simplexes and 
replacing those relationships in the second layer which are homeomorphic with a 
homeomorph. The results are as follows;

Second Layer - Fundamental First Layer - Aggregated 
o

1-simplexes in RJ 8 4
**

2-simplexes in R-3 14 4
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3-simplexes in R^ 6 2

It is interesting to note that the relationships between 3-simplexes verify the 
correctness of the extended set of relationships between faces or 2-simplexes in R.3. Each 
relationship between faces or 2-simplexes implied by the eight 3-simplex relationships is 
predicted within the extended set of 2-simplex face relationships. Similarly, the 
relationships between 2-simplexes verify the extended set of 1-simplex relationships in 
R3.

Future research will concentrate on the development of a 3D neighborhood 
topological model for SIS, the basis for the modelling sufficiency and analytical power of 
this model will be the relationships derived in this paper. In addition, other hierarchies of 
these relationships based on set and order theory will be investigated.
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Abstract

This paper presents the first fully dynamic and reactive data structure. Reac 
tive data structures are vector based structures tailored to the efficient storage 
and retrieval of geometric objects at different levels of detail. Geometric se 
lections can be interleaved by insertions of new objects and by deletions of 
existing objects. Detail levels are closely related to cartographic map general 
ization techniques. The proposed data structure supports the following gener 
alization techniques: simplification, aggregation, symbolization, and selection. 
The core of the reactive data structure is the Reactive-tree, a geometric index 
structure, that also takes care of the selection-part of the generalization. Other 
aspects of the generalization process are supported by introducing associated 
structures, e.g. the Binary Line Generalization-tree for simplification. The 
proposed structure forms an important step in the direction of the develop 
ment of a seamless, scaleless geographic database.

1 Introduction

The deficiencies of using map sheets in Geographic Information Systems are well- 
known and have been described by several authors [5, 10]. The obvious answer to 
these deficiencies is a seamless or sheetless database. A seamless database is made 
possible in an interactive environment by using some form of multi-dimensional in 
dexing, e.g. the R-tree [15] or the KD2B-tree [35]. It turns out that the integrated 
storage of multi-scale (scaleless) data in a spatial indexing structure forms the bot 
tleneck in the design of a seamless, scaleless database [14]. A first approach might 
be to define a discrete number of levels of detail and store them separately each with 
its own spatial indexing structure. Though fast enough for interactive applications, 
this solution is not particularly elegant. It introduces redundancy because some

*A part of this work was done while the author was at the Department of Computer Science, 
University of Leiden, P.O. Box 9512, 2300 RA Leiden, The Netherlands.

393



a. Scale 1:25,000 b. Scale 1:50,000

Figure 1: The Map Generalization Process

objects have to be stored at several levels. Apart from the increased memory usage, 
another drawback is that the data must be kept explicitly consistent. If an object is 
edited at one level, its "counter part" at the other levels must be updated as well. 
In order to avoid these problems we should try to design a storage structure that 
offers both spatial capabilities and multiple detail levels in an integrated manner: 
a reactive data structure. Two spatial data structures, that provide some limited 
facilities for multiple detail levels, are known: the Field-tree [9, 11] and the reactive 
BSP-tree [33, 34]. However, these are not fully dynamic.
First, we will discuss some of the fundamental problems associated with detail levels 
in a multi-scale database. The concept of multiple detail levels can not be defined 
as sharply as that of spatial searching. It is related to one of the main topics in 
cartographic research: map generalization; that is, to derive small scale maps (large 
regions) from large scale maps (small regions). Figure 1 illustrates the generalization 
process by showing the same part of a 1:25,000 map and of an enlarged 1:50,000 map. 
A number of generalization techniques for geographic entities have been developed 
and described in the literature [26, 30, 31]:

• simplification (e.g. line generalization);
• combination (aggregate geometrically or thematically);
• symbolization (e.g. from polygon to polyline or point);
• selection (eliminate, delete);

• exaggeration (enlarge); and

• displacement (move).

Unlike spatial searching, which is a pure geometric/topologic problem, map gener 
alization is application dependent. The generalization techniques are categorized 
into two groups [23, 26]: geometric and conceptual generalization. In geometric 
generalization the basic graphic representation type remains the same, but is, for 
example, enlarged. This is not the case in conceptual generalization in which the
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a. The global data b. The detailed data

Figure 2: The Place of Global and Detailed Data

representation changes, e.g. change a river from a polygon into a polyline type of 
representation.

Generalization is a complex process of which some parts, e.g. line generalization 
[21, 22], are well suited to be performed by a computer and others are more diffi 
cult. Nickerson [25] shows that very good results can be achieved with a rule based 
expert system for generalization of maps that consist of linear features. Shea and 
McMaster [31] give guidelines for when and how to generalize. Miiller [24] also ap 
plies a rule based system for selection (or its counterpart: elimination) of geographic 
entities. Brassel and Weibel [4] present a framework for automated map general 
ization. Mark [20], Miiller [23], and Richardson [29] all state that the nature of the 
phenomenon must be taken into account during the generalization in addition to 
the more traditional guidelines, such as: the graphic representation (e.g. number of 
points used to draw a line) and the map density. This means that it is possible that 
a different generalization technique is required for a line representing a road than 
for a line representing a river. It is important to note that the spatial data structure 
with detail levels, presented in this paper, is only used to store the results of the 
generalization process.

The guideline that important objects must be stored in the higher levels of the 
tree, is the starting point for the design of the Reactive-tree. This guideline was 
derived during the development of the reactive BSP-tree [33, 34] and is illustrated 
in Figure 2: the global data are stored in the top levels of the tree (gray area in 
Figure 2a) and the detailed data of the selected region are stored in the lower lev 
els of the tree (Figure 2b) in nodes which are "quite close" to each other. The 
Reactive-tree is an index structure, which supports geometric searching at different 
levels of importance. The properties of the Reactive-tree are described in Section 2, 
together with a straightforward Search algorithm. Insert and Delete algorithms are 
given in the subsequent section. Support for the generalization technique simplifi 
cation is provided by representing polygonal or polyline objects by a Binary Line 
Generalization-tree, see Section 4. Support for the generalization techniques aggre 
gation and symbolization is discussed in Section 5. In Section 6 the Alternative 
Reactive-tree is presented, not based on the guideline stated above. This paper is 
concluded with an evaluation of the presented structures.
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2 The Properties of the Reactive-tree

In the following subsection, it is argued that importance values associated with ob 
jects, are required. The two subsequent subsections give an introduction to the 
Reactive-tree and a formal description of its properties, respectively. The last sub 
section describes a geometric Search algorithm, which takes the required importance 
level into account.

2.1 Importance Values

Generalization is, stated simply, the process of creating small scale (coarse) maps out 
of detailed large scale maps. One aspect of this process is the removal of unimportant 
and often, but not necessarily, small objects. This can be repeated a number of 
times, each time resulting in a smaller scale map with fewer objects in a fixed region. 
Each object is assigned a logical importance value, a natural number, in agreement 
with the smallest scale on which it is still present. Less important objects get low 
values, more important objects get high values. The use of importance values for 
the selection of objects was first published by Frank [8].

Which objects are important is depends on the application. In many applications 
a natural hierarchy is already present. In the case of, for example, a road map 
these are: highways, major four-lane roads, two-lane roads, undivided roads, and 
dirt roads. Another example can be found in WDB II [12] where lakes, rivers, and 
canals are classified into several groups of importance. Typically, the number of 
levels is between five and ten, depending on the size and type of the geographic data 
set. In a reasonable distribution the number of objects having a certain importance 
is one or two orders of magnitude larger than the number of objects at the next 
higher importance level; a so called, hierarchical distribution.

2.2 Introduction to the Reactive-tree

Several existing geometric data structures are suited to be adapted for the inclusion 
of objects with different importance values, for example the R-tree [15], the Sphere- 
tree, and the dynamic KD2B-tree [35]. In this paper, the Reactive-tree is based on 
the R-tree, because the R-tree is the best known structure. However, if orientation 
insensitivity is important, then one of the other structures mentioned must be used. 
The Reactive-tree is a multi-way tree in which, normally, each node contains a 
number of entries. There are two types of entries: object-entries and tree-entries. 
The internal nodes may contain both, in contrast to the R-tree. The leaf nodes of 
the Reactive-tree contain only object-entries. An object-entry has the form

(MBR, imp-value, object-id)

where MBR is the minimal bounding rectangle, imp-value is a natural number that 
indicates the importance, and object-id contains a reference to the object. A tree- 
entry has the form

(MBR, imp-value, child-pointer)
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= importance 2

Figure 3: The Scene and the Rectangles of the Reactive-tree

where child-pointer contains a reference to a subtree. In this case MBR is the 
minimal bounding rectangle of the whole subtree and imp-value is the importance 
of the child-node incremented by 1. The importance of a node is defined as the 
importance of its entries. Note that the size of a tree-entry is the same as that of 
an object-entry. When one bit in the object-id/'child-pointer is used to discriminate 
between the two entry types, then there is no physical difference between them in 
the implementation. Each node of the Reactive-tree corresponds to one disk page. 
Just as in the R-tree, M indicates the maximum number of entries that will fit in 
one node, and m < IM/2] is the minimum number of entries. Assume that the 
page size is 1024, then M is 48 in a realistic implementation.

2.3 Defining Properties

In this subsection the defining properties of the Reactive-tree are presented. The 
fact that the empty tree satisfies these properties and that the Insert and Delete 
algorithms given in Section 3 do not destroy them, guarantees that a Reactive-tree 
always exists. The Reactive-tree satisfies the following properties:

1. For each object-entry (MBR, imp-value, object-id), MBR is the smallest axes- 
parallel rectangle that geometrically contains the represented object of impor 
tance imp-value.

2. For each tree-entry (MBR, imp-value, child-pointer), MBR is the smallest 
axes-parallel rectangle that geometrically contains all rectangles in the child 
node and imp-value is the importance of the child-node incremented by 1.

3. All the entries contained in nodes on the same level are of equal importance, 
and more important entries are stored at higher levels.

4. Every node contains between m and M object-entries and/or tree-entries, 
unless it has no brothers (a pseudo-root).
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Figure 4: The Reactive-tree

5. The root contains at least 2 entries unless it is a leaf.
It is not difficult to see that the least important object-entries of the whole data 
set are always contained in leaf nodes on the same level. In contrast to the R-tree, 
leaf nodes may also occur at higher levels, due to the more complicated balancing 
criteria which are required by the multiple importance levels; see properties 3, 4, 
and 5. Further, these properties imply that in an internal node containing both 
object-entries and tree-entries, the importance of the tree-entries is the same as 
the importance of the object-entries. Figure 3 shows a scene with objects of two 
importance levels: objects of importance 1 are drawn in white and the objects of 
importance 2 are drawn in grey. This figure also shows the corresponding rectangles 
as used in the Reactive-tree. The object-en tries in the Reactive-tree are marked 
with a circle in Figure 4. The importance of the root node is 3, and the importance 
of the leaf nodes is 1.

2.4 Geometric Searching with Detail Levels

The further one zooms in, the more tree levels must be addressed. Roughly stated, 
during map generation based on a selection from the Reactive-tree, one should try 
to choose the required importance value such that a constant number of objects will 
be selected. This means that if the required region is large only the more important 
objects should be selected and if the required region is small, then the less important 
objects must be selected also. The recursive Search algorithm to report all object- 
entries that have at least importance imp and whose MBRs overlap search region 
5, is invoked with the root of the Reactive-tree as current node:

1. If the importance of the current node TV is less than imp, then there are no 
qualifying records in this node or in one of its subtrees.

2. If the importance of the current node N is greater or equal to imp, then report 
all object-entries in this node that overlap 5.

3. If the importance of the current node N is greater than imp, then also in 
voke the Search algorithm for the subtrees that correspond to tree-entries that 
overlap 5.
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3 Insert and Delete Entry Algorithms

The Search algorithm is the easy part of the implementation of the Reactive-tree. 
The hard part is presented by Insert and Delete algorithms that do not destroy 
the properties of the Reactive-tree. In the implementation presented here, there 
is exactly one level in the Reactive-tree for each importance value, in the range 
from rain-imp to max jimp, where minjimp and max-imp correspond to the least 
and to the most important object, respectively. If necessary, there may be one or 
more tree levels on top of this, which correspond to importance levels max-imp + 
1 and higher. Then the top level nodes contain tree-entries only. Assume that 
tree-imp > maxjimp is the importance of the root of the Reactive-tree, then the 
height of the tree is tree jimp -f 1 - minJmp. The values of rain-imp and tree jimp 
are stored in global variables. In the algorithms described below, the trivial aspects 
of maintaining the proper values of these variables are often ignored. Because of the 
direct relationship between the importance and the level of a node in the Reactive- 
tree of this implementation, the impjvalue may be omitted in both the object-entry 
and the tree-entry.

3.1 Insert Entry

The Insert algorithm described below does not deal with the special cases: empty 
tree and the insertion of an entry with importance greater than tree-imp. Solutions 
for both are easy to implement and set the global variable tree-imp to the proper 
value. The Insert algorithm to insert a new entry E of importance Ejimp in the 
Reactive-tree:

1. Descend the tree to find the node, that will be called TV, by recursively choosing 
the best tree-entry until a node of importance E-imp or a leaf is reached. The 
best tree-entry is defined as the entry that requires the smallest enlargement 
of its MBR to cover E. While moving down the tree, adjust the MBRs of the 
chosen tree-entries on the path from the root to node N.

2. In the special case that node TV is a leaf and the importance N-imp is greater 
than E-imp, a linear path (with length N-imp — E-imp] of nodes is created 
from node TV to the new entry. Each node in this path contains only one entry. 
This is allowed, because these are all pseudo-roots.

3. Insert the (path to) new entry E in node TV. If overflow occurs split the node 
into nodes TV and TV' and update the parent. In case the parent overflows as 
well, propagate the node-split upward.

4. If the node-split propagation causes the root to split, increment tree-imp by 1 
and create a new root whose children are the two resulting nodes.

The node splitting in step 3 is analogous to the node splitting in the R-tree. A disad 
vantage of the Reactive-tree is the possible occurrence of pseudo-roots. These may 
cause excessive memory usage in case of a "weird" distribution of the number of ob 
jects per importance level; e.g. there are more important objects than unimportant 
objects.
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3.2 Delete Entry

An existing object is deleted by the Delete algorithm:
1. Find the node N containing the object-entry, using its MBR.
2. Remove the object-entry from node N. If underflow occurs, then the entries 

of the under-full node have to be saved in a temporary structure and the node 
N is removed. In case the parent also becomes under-full, repeat this process. 
It is possible that the node-underflow continues until the root is reached and 
in that case tree-imp is decremented.

3. Adjust the MBRs of all tree-entries on the path from the removed object-entry 
back to the root.

4. If underflow has occurred, re-insert all saved entries on the proper level in the 
Reactive-tree by using the Insert algorithm.

There are three types of underflow in the Reactive-tree: the root contains 1 tree- 
entry only, a pseudo-root contains 0 entries, or one of the other nodes contains 
m — I entries. The temporary structure may contain object-entries and tree-entries 
of different importance levels.

4 The Binary Line Generalization-tree

Selection, as supported by the Reactive-tree, can assure that only global and im 
portant polylines (or polygons) are selected out of a large-scale geographic data set, 
when a small-scale map (large regions) has to be displayed. However, without spe 
cific measures, these polylines are drawn with too much detail, because all points 
that define the polyline are used. This detail will be lost on this small-scale due 
to the limited resolution of the display. Also the drawing will take an unnecessary 
long period of time. It is better to use fewer points. This can be achieved by the 
k-th point algorithm, which only uses every k-th point of the original polyline for 
drawing. The first and the last points of a polyline are always used. This is to ensure 
that the polylines remain connected to each other in the nodes of a topologic data 
structure [3, 27]. This algorithm can be performed "on the fly" because it is very 
simple. The k can be adjusted to suit the specified scale. However, this method has 
some disadvantages:

• The shape of the polyline is not optimally represented. Some of the line 
characteristics may be lost if the original polylines contain very sharp bends 
or long straight line segments.

• If two neighboring administrative units are filled, for example, in case of a 
choropleth, and the k-th point algorithm is applied on the contour, then these 
polygons may not fit. The contour contains the re-numbered points of several 
polylines.

Therefore, a better line generalization algorithm has to be used, for instance the 
Douglas-Peucker algorithm [6]. Duda and Hart [7] describe an algorithm similar 
to the Douglas-Peucker algorithm and call it the "iterative end-point fit" method. 
Both references date back to 1973. A slightly earlier publication is given by Ramer 
[28] in 1972. These types of algorithms are time consuming, so it is wise to compute
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a. Polyline b. BLG-tree

Error indicated within 
parentheses. The points Pj_ 
and PIO are implicit.

Figure 5: A Polyline and its BLG-tree

the generalization information for each polyline in a pre-processing step. The result 
is stored in, for instance, a Multi-scale Line Tree [17, 18]. The disadvantages of the 
Multi-scale Line Tree have already been discussed in [37]: it introduces a discrete 
number of detail levels and the number of children per node is not fixed. Strip 
trees [1] and Arc trees [13] are binary trees that represent curves (in a 2D-plane) 
in a hierarchical manner with increasing accuracy in the lower levels of the tree. 
These data structures are designed for arbitrary curves and not for simple polylines. 
Therefore, we introduce a new data structure that combines the good properties of 
the structures mentioned. We call this the Binary Line Generalization-tree (BLG- 
tree).

The BLG-tree stores the result of the Douglas-Peucker algorithm in a binary tree. 
The original polyline consists of the points pi through pn The most coarse approxi 
mation of this polyline is the line segment [pi,pn]- The point of the original polyline, 
that has the largest distance to this line segment, determines the error for this ap 
proximation. Assume that this is point pk with distance e?, see Figure 5a. pk and 
d are stored in the root of the BLG-tree, which represents the line segment [pi,pn ]. 
The next approximation is formed by the two line segments [pi,p/t] and [pfcj^n]- The 
root of the BLG-tree contains two pointers to the nodes that correspond with these 
line segments. In the "normal" situation this is a more accurate representation.
The line segments [pi,pjt] and [pfc,pn] can be treated in the same manner with respect 
to their part of the original polyline as the line segment [p1? pn ] to the whole polyline. 
Again, the error of the approximation by a line segment can be determined by the 
point with the largest distance. And again, this point and distance are stored in a 
node of the tree which represents a line segment. This process is repeated until the 
error (distance) is 0. If the original polyline does not contain three or more collinear 
points, the BLG-tree will contain all points of that polyline. It incorporates an 
exact representation of the original polyline. The BLG-tree is a static structure with 
respect to inserting, deleting and changing points that define the original polyline. 
The BLG-tree of the polyline of Figure 5a is shown in Figure 5b. In most cases, 
the distance values stored in the nodes will become smaller when descending the 
tree. Unfortunately, this is not always the case, as shown in Figure 6. It is not a 
monotonically decreasing series of values.

The BLG-tree is used during the display of a polyline or polygon at a certain scale. 
One can determine the maximum error that is allowed at this scale and the primitive

401



a. Polyline b. BLG-tree

P2 .(4.6)

P3 *
Figure 6: Increasing Error in BLG-tree

is simplified and a good graphic representation is obtained. During traversal of the 
tree, one does not have to go any deeper in the tree once the required accuracy is 
met. The BLG-tree can also be used for other purposes, for example (further details 
can be found in [37]):

• Estimating the area of a region enclosed by a number of polylines.
• Estimating the intersection(s) of two polylines. This is a useful operation 

during the calculation of a map overlay (polygon overlay).
Note that the BLG-tree is most useful for polylines and polygons defined by a 
large number of points. For a small number of points, "on the fly" execution of 
the Douglas-Peucker [6] algorithm may be more efficient. For polylines that are 
somewhere in between, another alternative might be interesting. Assign a value to 
each point to decide whether the point is used when displaying the polyline at a 
certain scale. This simple linear structure is probably fast enough for the medium 
sized polyline.

5 Support for Other Generalization Techniques

The Reactive-tree and the BLG-tree reflect only a part of the map generalization 
process: selection and simplification. A truly reactive data structure also deals 
with other aspects of the generalization process. In this section two more aspects 
are discussed: symbolization, and aggregation. These terms may be confusing in 
the context of the Reactive-tree, because the tree is usually described "top-down" 
(starting with the most important objects) and map generalization is usually de 
scribed "bottom-up" (starting at the most detailed level). The two generalization 
techniques are incorporated in the reactive data structure by considering objects 
not as a simple list of coordinates, but as more complex structures. In practice, this 
can be implemented very well by using an object-oriented programming language, 
such as Procol [19, 32, 36, 37].
Symbolization changes the basic representation of a geographic entity, for example, 
a polygon is replaced by a polyline or point on a smaller scale map. Besides the 
coordinates of the polygon, the object structure contains a second representation in 
the form of a polyline or point. Associated with each representation is a resolution 
range which indicates where it is valid. An example of the application of the sym 
bolization technique is a city which is depicted on a small scale map as a dot and
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Figure 7: A Large Object is Composed of Several Small Objects

on a large scale map as a polygon.
The last generalization technique included in the reactive data structure is aggrega 
tion, that is the combination of several small objects into one large object. From 
the "top-down hierarchical tree" point of view, a large object is composed of sev 
eral small objects; see Figure 7. The geometric description of the large object and 
the geometric descriptions of the small objects are all stored, because there is no 
simple relationship between them. The large object is some kind of "hull" around 
the small objects, see Figure 7. Usually, a bounding box around the small objects 
is a sufficient "geometric search structure", because the number of small objects is 
limited. However, if the number of small objects combined in one large object is 
quite large, then a R-subtree may be used.

Aggregation is used, for example, in the map of administrative units in The Nether 
lands [37]. Several municipalities are grouped into one larger economic geographic 
region (EGR), EGRs are grouped into a nodal region, nodal regions are grouped 
in a province, and so on. Another approach to this case is to consider the bound 
aries as starting point of the design, instead of the regions. In that case selection is 
the appropriate generalization technique and the Reactive-tree can be used without 
additional structures.

6 An Alternative Reactive-tree

In this section a reactive data structure is presented, which is not based on the 
guideline that important objects must be stored in the higher levels of the tree. 
The advantage of the Alternative Reactive-tree over the Reactive-tree is that it does 
not assume a hierarchical distribution of the number of objects over the importance 
levels.
The 2D Alternative Reactive-tree is based on a 3D R-tree. The 3D MBR of a 2D 
object with importance imp is denned by its 2D MBR and its extents in the third 
dimension are from imp and to imp+8, where 8 is a positive real number, so an object 
corresponds to a block with non-zero contents (except for point objects). Figure 8 
depicts the 3D MBRs of a number of 2D objects at two different importance levels. 
When the parameter 8 is chosen very small, e.g. 0.01, the Alternative Reactive-tree 
tries to group the objects that belong to the same importance level. This can be 
explained by the fact that there is a heavy penalty on the inclusion of an object with
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Figure 8: The 3D MBRs of the Alternative Reactive-tree

another importance value, as the volume of the 3D MBR will increase by at least a 
factor (1 + S)/6. The larger 8 becomes, the less the penalty, and the more likely it 
is that objects of different importance are grouped, and the Alternative Reactive- 
tree behaves more like a normal 2D R-tree. In any case, all objects, important and 
unimportant, are stored in leaf nodes on the same level.

The Alternative Reactive-tree can be generalized to support objects with general 
labels instead of the hierarchical importance values. This enables queries such as 
"Select all capital cities in region R." The label capital is associated with some of 
the geographic objects, by inserting these entries into the tree. A Geographic object 
may be associated with more labels by inserting more entries for the same object. 
In the implementation, label corresponds to a numeric value. By choosing certain 
values for these labels and for £, possible coherence between labels may be exploited. 
This is what is actually done in the 2D Alternative Reactive-tree for hierarchically 
distributed data.

7 Discussion

This paper described the first fully dynamic and reactive data structure. It was 
presented as a 2D structure, but 3D and higher dimensional variants are possible. 
Note that this has nothing to do with the use of a 3D R-tree for the 2D Alterna 
tive Reactive-tree. The Reactive-tree and the Alternative Reactive-tree have been 
implemented in C++ on a Sun 3/60. Two large data sets have been used to test 
the reactive structures: WDB II [12] and the map of administrative units in The 
Netherlands. Both performance tests showed the advantage of the selection based 
on importance level and geometric position. Displaying the whole map area at in 
teractive speed was possible, in contrast to the situation where the normal R-tree 
was used, which also showed a lot of annoying details. The additional structures 
for the support of simplification, symbolization, and aggregation are currently being 
implemented. Future performance tests depend on the availability of digital maps 
with generalization information.
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Two other generalization techniques where not discussed: exaggeration and dis 
placement. Exaggeration seems easy to include, because it is a simple enlargement 
of an aspect of the graphic representation of one object, e.g. the line width. How 
ever, the enlargement of linear features may cause other features to be covered and 
they must therefore be displaced. Exaggeration and displacement are difficult to 
handle, because multiple objects have to be considered. An ad hoc solution is to 
associate an explicit set of tuples (displacement, map-scale-range) with each object 
that has to be displaced and a set of tuples (enlargement, map-scale-range) with 
each object that has to be enlarged. Further research is required in order to develop 
more elegant solutions.
Very recently, another reactive data structure has been proposed by Becker and 
Widmayer [2]. The Priority Rectangle File (PR-file, based on the R-file [16]) forms 
the backbone of their structure. A significant common characteristic of the PR- 
file and the Reactive-tree is that, in general, both store more important objects in 
higher levels. A few differences of the PR-file, compared to the Reactive-tree, are: 
objects of equal importance (priority) are not necessarily on the same level, and 
object-entries and tree-entries can not be stored in the same node.

Finally, other Reactive-trees should be considered which are able to deal efficiently 
with a non-hierarchical distribution of the number of objects over the importance 
levels, whilst sticking to the guideline that important objects are to be stored in the 
higher levels of the tree. This might be realized by changing the properties in such 
a manner that one tree level is allowed to contain multiple importance levels, but it 
is not (yet) clear how the Insert and Delete algorithms should be modified. This is 
subject to further research.
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ABSTRACT

A GIS is distinguished from other database systems in a number of 
respects, particularly in the requirement to handle spatial objects 
with extent. Whereas a common approach is to treat "geometry" and 
"attributes" separately, a more integrated approach is to treat the 
spatial aspect as but one part of an integrated data model which 
accommodates all objects and their attributes in a seamless manner. 
Spatial objects differ from other object attributes in that they usually 
have extent and therefore efficient retrievals cannot be achieved by 
the mechanisms implemented within database systems on their own. 
This paper addresses the problem of implementing efficient spatial 
retrieval methods within an integrated object data model. An 
improved quadtree mechanism for clustering objects on disk is also 
described.

INTRODUCTION

In recent years, the problem of organising large numbers of spatial 
objects in a database has become much better understood. It is now 
up to the system implementors to apply the known methods in real 
systems. However, although there are many algorithms described for 
indexing and storing spatial objects, there is little published 
information on how to apply the algorithms within the context of a 
complete integrated database system which would support a GIS. In 
particular, there is an almost total lack of clear descriptions of 
implementations within the realm of the relational model, although 
papers have been published which seem to get good results using 
this approach (Abel 1983 and 1984, Bundock 1987).

Older systems use a proprietary structure of sheets or tiles to 
organise their spatial data, but this leads to serious problems in large 
systems. A modern approach is to implement a spatial database 
which is logically seamless. Some systems separate out the geometric 
objects into a separate proprietary database which is specifically built 
for fast spatial retrievals, and then this is linked somehow to a 
database of attributes. It is our contention that this does not meet any 
criteria of integration. This does of course beg the question of what 
to do about the integration of spatially located data that is already 
committed to institutional databases and which needs to be
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accommodated within a GIS. We have no elegant answer to this 
problem.

Currently available relational database systems come under a lot of 
criticism for use with spatial data, on account of their apparent poor 
performance. However, in our view, the jury is still out on this issue, 
as, if appropriate data models are used, then acceptable spatial 
performance seems to be achievable (Abel 1983 and 1984), but this 
depends on the use to be made of the GIS. For relational databases, 
there are more serious issues than this to overcome, especially the 
management of long transactions and versioning (Easterfield et al 
1990).

It is significant however, that most commercial systems that use a 
commercial relational database system for holding spatial data 
employ a system of check out into a single user proprietary database 
before work starts, and they may even go one step further to employ 
a display file to gain adequate graphics performance.

We have been researching the implementation of fast spatial 
retrieval algorithms within the context of a version managed tabular 
database, which uses an interactive object oriented language for its 
development and customisation environment (Chance et al 1990, 
Easterfield et al 1990). Our approach has been to implement spatial 
retrieval methods in the system by using the normal indexing 
methods of the tabular database, without any ad hoc structures 
showing through to the system customiser and developer. We neither 
employ check out for reasons of handling multiple users nor do we 
need to employ a display file to achieve good performance.

HOW TO ACHIEVE FAST SPATIAL ACCESS

The nub of all spatial access algorithms (e.g. range trees, 
quadtrees, field trees, k-d trees etc) seems to be the same, in that if 
one can organise one's data somehow in the form of a tree structure, 
where each node of the tree corresponds to a subset of the area 
covered by its parent node, then candidate objects inside an area or 
surrounding a point can be found quickly. Such algorithms can 
retrieve an object in a time proportional to the logarithm of the 
number of objects in the database.

One approach is to provide an external spatial index into a database 
of objects which is not spatially organised. If one is retrieving many 
objects within say a rectangle, then the candidate objects can be 
identified very quickly, but retrieving the objects themselves is like 
using a pair of tweezers to extract each one from disk. The 
logarithmic behaviour still applies, but the constant term is very 
large because of disk seek time.

Thus, to gain the full benefit, the actual object data itself needs to 
be organised spatially on disk, by clustering the data, so that one can 
at least use a "shovel" to retrieve objects (bulk retrieval), instead of a 
pair of "tweezers" (random retrievals).

Certain methods of spatial indexing are structured so that each 
object is contained once only in the index. Other approaches
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duplicate an object's entry in the index, based on sub-ranges of the 
total object. This has the advantage that candidate objects are more 
likely to be relevant, but the disadvantage that duplicates must be 
eliminated. (Abel 1983)

There does not seem to be a great performance difference 
between the many methods of indexing and clustering that have been 
described in the literature (Smith and Gao 1990, Kriegel et al 1990). 
The message is, just do anything in a tree structure and you will get 
most of the benefit, the rest is just tuning.

However, we are rather concerned with implementing such 
mechanisms within an overall integrated data model, where the 
peculiarities of particular methods are hidden, because if they are 
not, the complexity and cost of development is increased. In 
addition, as new spatial indexing mechanisms are discovered, these 
should be implementable independently of the overall data model.

SPATIAL KEYS IN TABULAR DATABASES

It is well known that it is possible to encode the size and position 
of an object in a unique spatial key, so that objects which are close to 
each other in space generate similar keys. Further, if objects with 
similar keys are stored at similar locations on disk, then the number 
of disk accesses required to retrieve objects can be greatly 
minimised.

Some methods lend themselves easily to the generation of a spatial 
key, such as a quadtree index and its many close variations (Samet 
1989). However, mechanisms such as range trees preclude this 
approach, indeed the actual structure produced depends on the 
order in which the database is created.

We have not investigated methods such as range trees for 
clustering objects, because they are ad hoc and it seems to us 
difficult to hide the storage mechanisms behind an acceptable 
interface for system developers.

It is common in a tabular database that records with similar 
primary keys are close to each other on disk, especially if the 
fundamental storage mechanism is something like a B*tree. Thus, if 
the most significant part of the primary key of all spatial objects is a 
spatial key, then the desired effects of spatial ordering on disk can 
be achieved (Abel 1983 and 1984, Libera & Gosen 1986). Further, 
topological relationships between objects (e.g. represented by an 
association table) can also be arranged to have the same spatial keys 
as parts of their primary keys so these will become spatially 
clustered as well.

However, the approach has one potential drawback. Consider the 
problem of changing the geometry of such an object in a way that its 
spatial key changes. Thus, making some, possibly minor, geometric 
edit could result in a change to the primary key, i.e. identity, of the 
object, resulting in problems of maintaining the overall integrity of 
the database. Modification of a primary key effectively means deletion 
followed by re-insertion.

410



One might consider a storage mechanism where records are 
clustered according to a spatial key which is not a part of the 
primary key. While this would be satisfactory for extremely simple 
models (e.g. a single table of records with an auxiliary index for 
primary key retrievals) it would not cluster the records in the many 
association tables that exist in a richly connected data model.

A PRAGMATIC APPROACH

The idea of containing a spatial key within the identity of each 
object does not complicate other kinds of retrieval. As far as these 
procedures are concerned, a spatial key is no different from an 
ordinary key. Our pragmatic idea is that at the time an object is first 
created, we generate a spatial key as part of its unique identifier. The 
value of this identifier never changes from this point on, even if the 
location and geometric extent of the object is changed. The 
pragmatic part comes in that geometric edits are rare, and major 
changes in position or extent are even rarer. Thus the object rarely 
moves far in space, so why should it move far on disk? Thus an 
object's identity is a function of where it is born and we assume that 
it never moves far from its place of birth.

However, by doing this, spatial retrievals may become unreliable, 
because some objects which should be retrieved may be missed. Our 
solution to this is to have a single external spatial address table, with 
accurate spatial keys which are always maintained up-to-date, and it 
is this which is used to retrieve objects. The "sloppy" spatial key is 
no more than a clustering device, i.e. an accelerator to speed spatial 
search. In the worst case, if large parts of the geometry were 
modified significantly (e.g. following rectification), then the system 
may get slow, but it would still work correctly.

The method used to implement the index does not need to be the 
same as the method used to organise the clustering of the actual data 
so that, for example, a range tree index (Guttman 1984) could be 
used to index data which is clustered in a quadtree.

In our implementation, we use the same approach for both 
clustering the data on disk and for building the external index.

HOW TO GENERATE A SPATIAL KEY

As there seems to be general agreement that there is minimal 
difference in performance between the many tree-based approaches 
to spatial clustering, (Kriegel et al for example found differences of 
the order of 20% between the various methods that they 
investigated) then perhaps the next criterion could be to aim for 
simplicity. This therefore eliminates the range tree, because neither 
is it simple, nor is it easy to see how one generates a permanent, 
reproducible key from it. Smith and Gao found that methods based 
on B-trees were good on storage utilisation, insert speed and delete 
speed, but were inferior on search times. We suggest here a 
modification to the method of creating a key based on a linear 
quadtree which gives a worthwhile performance improvement
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without degrading the other performances, nor adding any undue 
complexity.

Now it is well known that point data can be incorporated in a 
Morton Sequence, which is directly equivalent to encoding the 
quadtree cell in which the point exists. A quadtree index is very good 
for encoding point data, because all points exist in the leaves of the 
tree (See figure 1) (see the MX quadtree in Samet 1989).

Coding Scheme 

Code for "A": 2133

Figure 1: Quad-tree Encoding of Point Object

Encoding spatial objects with extent in a quadtree can also be 
done, but many objects will exist near the root (see MX-CIF Quadtree 
in Samet 1989 and Batty 1990), thereby leading to them being 
included in many retrievals when they are not in fact relevant. For 
large databases, this leads to a degradation in retrieval performance. 
Samet's book contains a number of schemes for getting around this 
problem by allowing an object to exist in more than one quadtree 
node. However, this is not suitable for clustering the object data 
itself.

In our earlier researches we had investigated solving this problem 
by using a key based on a nine-tree in which each square is divided 
into 9 equal sized overlapping squares each of which is a quarter of 
the size (half the dimension) of its parent. Although it had the 
desired effect of not populating the root, the tree is not well 
balanced and the retrieval strategy is more complex. This in fact was 
the basic approach behind Bundock's paper (Bundock 1987).

We include here a simpler solution to this problem because we 
have not seen it described elsewhere. The idea is based on the fact 
that most objects are very small compared to the world. So in order 
to avoid trapping objects near the root of the tree, the subdivision 
method is modified so that each quadtree cell is divided into 4 parts 
which overlap slightly, i.e each quadtree sub-square is slightly more 
than half the dimension of its parent square (See figure 2). The 
overlap never needs to be more than the size of the largest object in 
the database, and in practice can be less than this. The optimum 
overlap depends on some statistic of the object size, such as the 
mean object size times a factor.
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Normal Quad-tree 
Key :0

Overlapping Quad-tree 
Key : 1244

Figure 2: Quad-tree Encoding of Object with Extent

This slight modification to the simple quadtree key is no more 
complex to program, but does lead to worth while performance 
improvements for retrieving objects inside an area and in finding 
objects surrounding a point compared to the simple quadtree key 
mechanism.

A DATA MODEL FOR CIS

Figure 3 below illustrates graphically a simplified data model. It 
should be regarded as just a part of the complete model required for 
a GIS application. A large number of users' requirements for 
modelling their geometry and associated topology can be handled by 
a generic model of this form. Where users differ from one another is 
in the modelling of their own objects and interrelationships. The 
philosophy is not that geometric objects, such as polygons, have 
attributes, but that real world objects can be represented 
geometrically by such things as polygons. In this diagram, a line with 
an arrow signifies a one-to-many or many-to-one relationship and a 
line with an arrow at both ends signifies a many-to-many 
relationship. Of course, in a physical implementation, a many-to- 
many relationship is implemented by means of an intermediate table, 
which itself should also be spatially clustered.

The diagram should be read starting from the top. For example, a 
real world object, such as a wood is represented by an area, which 
may be made up of one or more polygons (these polygons may have 
resulted from intersections with other polygons in the same 
topological manifold). It is possible that each polygon may have one 
or more "islands" such as a lake (i.e in this case, a lake is an island). 
The lake area would of course share the same polygon as used by the 
wood area. Polygon boundaries are represented by a closed set of 
links, each one connecting exactly two nodes.
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Figure 3: Spatially Indexed Topological Model

From the point of view of the system implementor, it is only the 
interrelationships of this model that he wishes to worry about, 
without himself being concerned with efficient spatial retrievals. 
However, if all entities in the model are identified by means of a key 
with spatial content, then the desired clustering of instances in each 
table will occur transparently. As it is common that objects which are 
topologically related are also spatially near to one another, disk 
accesses for topological queries should also be greatly reduced.

All that is needed in addition to this model is the external spatial 
index itself, which is merely a device for generating candidate keys 
for spatial retrieval. The point is that the spatial indexing method 
does not perturb the logical structure of the model.

In our implementation, the spatial index is a table, just like any 
other, which refers to real world objects, such as houses, lakes and 
utility pipe segments. A real world object may then have a number of 
different representations depending on such contexts as scale.

CONCLUSION

This paper has been concerned with the implementation of fast 
spatial indexing methods within the context of an integrated GIS 
data model. A design criterion has been to implement the spatial 
mechanisms without complicating other retrievals from the database. 
An approach is advocated based on a precise spatial index which can 
generate candidate keys within a tabular database whose primary 
keys contain a permanent, but "sloppy", spatial key. The external 
precise spatial index could be regarded as part of the data model, or 
could indeed be implemented as an entirely different mechanism. 
The method proposed for generating spatial keys is a minor
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improvement to the simple quadtree, which we have described here, 
because we have not seen it published elsewhere.
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ALTERNATE REPRESENTATIONS OF GEOGRAPHIC
REALITY

Auto Carto 10 
Panel Discussion

Organizers:
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Participants:

Nicholas Chrisman, University of Washington
Michael Goodchild, University of California, Santa Barbara

Stephen Guptill, U.S. Geological Survey
Scott Morehouse, E.S.R.I.

Fran9ois Salge, IGN, France

THE DEBATE

Geographic information systems (GIS) are based on models of 
geographic reality. The functionality and utility of a GIS depends on a 
useful and correct data model. Data modeling involves the abstraction of 
reality as a number of objects or features, then defining these objects, their 
interrelationships, and behavior precisely.

The real world of geographical variation is infinitely complex and often 
uncertain, but must be represented digitally in a discrete, deterministic 
manner. Sometimes it is possible to define discrete features or objects in 
more or less rigorous fashion, but more often the digital representation is an 
abstraction of reality.

GIS databases present two very different views of reality. In one, 
geographical variation is represented by a set of layers, each of which 
records the pattern of one variable over the study area. If there are n layers, 
then n separate items of information are available for each and every point in 
the area. The variation in any one layer may be represented in numerous 
ways, including a raster of point samples, a set of nonoverlapping 
polygons, an irregular set of point samples, or a TIN.

In the second approach, we think of the world as a space populated by 
objects of various kinds - points, lines, and areas. Objects have attributes 
which serve to distinguish them from each other. Any point in the space 
may be empty, or occupied by one or more objects. GISs that take the layer 
view of the world often allow the user to populate a space with objects, but 
then insist that they be forced into the layer model.
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However, much of the recent work on object-oriented design for 
geographic databases has emphasized the syntax of geographic features and 
deemphasized the need for defining useful spatial query, display, and 
analysis operators. It may be more important to design the data model 
around what geographic objects do, rather than what they are.

One contention is that the purpose of a GIS is not only to store and 
query a static schema of entities and relationships, but also to build new 
entities and relations dynamically. Why, therefore, define, capture, and 
store relationships which can be computed as needed? More importantly, 
why define and capture relationships between entities for which there is no 
clear functional requirement? Perhaps the goal of GIS data model design 
should be to develop the simplest model that works.

The layer/object debate is becoming as important to the current GIS 
industry as the earlier raster/vector debate, and carries a fundamental 
message. Whereas the raster/vector debate was over how to represent the 
contents of a map in a database, the layer/object debate is over how to 
represent and analyze the multivariate complexity of geographic reality.

The panelists will present a wide variety of views on the layer/object 
debate from the perspectives of academia, industry, and government. Each 
has been involved in the design, development, and use of geographic 
information systems and geographic databases. The commentary will help 
the audience to clarify their thoughts on this important topic.
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WHAT'S THE BIG DEAL ABOUT GLOBAL HIERARCHICAL 
TESSELLATION?

Organizer: Geoffrey Dutton
150 Irving Street 

Watertown MA 02172 USA 
email: qtm@cup.portal.com

This panel will present basic information about hierarchical tessellations (HT's) as 
geographic data models, and provide specific details about a few prototype systems 
that are either hierarchical tessellations, global tessellations, or both. Participants will 
advocate, criticize and discuss these models, allowing members of the audience to 
compare, contrast and better understand the mechanics, rationales and significance of 
this emerging class of nonstandard spatial data models in the context of GIS. The 
panel has 7 members, most of whom are engaged in research in HT data modeling, 
with one or more drawn from the ranks of informed critics of such activity. The 
panelists are:

- Chairperson TEA
- Zi-Tan Chen, ESRI, US
- Nicholas Chrisman, U. of Washington, US
- Gyorgy Fekete, NASA/Goddard, US
- Michael Goodchild, U. of California, US
- Hrvoje Lukatela, Calgary, Alberta, CN
- Hanan Samet, U. of Maryland, US
- Denis White, Oregon State U., US

Some of the questions that these panelists might address include:

- How can HT help spatial database management and analysis?
- What are "Tessellar Arithmetics" and how can they help?
- How does HT compare to raster and vector data models?
- How do properties of triangles compare with squares'?
- What properties do HT numbering schemes have?
- How does HT handle data accuracy and precision?
- Are there optimal polyhedral manifolds for HT?
- Can HT be used to model time as well as space?
- Is Orthographic the universal HT projection?

Panelists were encouraged to provide abstracts of position papers for publication in the 
proceedings. Those received are reproduced below.

Combination of Global and Local Search strategy in Regular Decomposition Data 
Structure by Using Hierarchical Tessellation

Zi-Tan Chen, PhD
Environmental Systems Research Institute

380 New York St., Redlands, CA 92373, USA
Phone: (714) 793-2853
email: zitan@esri.com
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This presentation describes a role of hierarchical tessellation (HT) in a very large 
spatial data base. Large amount of spatial data can be indexed by regular 
decomposition data structures, like Quad Trees (QT), Quaternary Triangular Mesh 
(QTM), etc. All regular decomposition data structures have advantages of simple 
computation and elegant hierarchy, and facilitate global search.

On the other hand, most spatial features in the real world are irregular in shape and 
size. Therefore, an irregular decomposition data structure, for example a TIN, has more 
efficiency and impact in terrain surface feature representation. An irregular 
decomposition data structure usually has its own local neighbor finding properties. 
These properties can provide valuable fast local search in special cases. For instance, 
TIN has its own properties that make it easy to find a neighbor triangle from any given 
triangle. However, it is not easy to build a global search for a TIN, because its 
irregular shapes causes difficulties in building a hierarchy.

An optimal search strategy is a combination of the global and the local search in a 
large spatial data base environment. In this way, a search can benefit from both global 
hierarchical search and local neighbor finding properties.

The HT explores the local properties of a regular decomposition data structure. Based 
on knowledge of the HT, fast local search in regular data structure for features with ir 
regular shape becomes possible. This paper discusses the concept. As an example, 
some experimental results of quadtree indexes a TIN for search triangles are given.

Rendering and managing spherical data with Sphere Quadtrees

Gyorgy Fekete
SAR at National Space Science Center 
NASA/Goddard Space Flight Center

Greenbelt, MD 20771 
email: gyuri@ncgl.gsfc.nasa.gov

Most databases for spherically distributed data are not structured in a manner 
consistent with their geometry, as a result, such databases possess undesirable 
artifacts, including the introduction of "tears" in the data when they are mapped onto a 
flat file system. Furthermore, it is difficult to make queries about the topological 
relationship among the data components without performing real arithmetic. The 
sphere quadtree (SQT), which is based on the recursive subdivision of spherical 
triangles obtained by projecting the faces of an icosahedron onto a sphere, eliminates 
some of these problems. The SQT allows the representation of data at multiple levels 
and arbitrary resolution. Efficient search strategies can easily be implemented for the 
selection of data to be rendered or analyzed by a specific technique. Furthermore, 
sphere quadtrees offer significant potential for improving the accuracy and efficiency of 
spherical surface rendering algorithms as well as for spatial data management and 
geographic information systems. Most importantly, geometric and topological 
consistency with the data is maintained.
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Implementing a Global GIS Using Hierarchical Tessellations

Michael F. Goodchild
National Center for Geographic Information and Analysis

University of California, Santa Barbara CA 93106
email: good@topdog.ucsb.edu

The QTM scheme described by Dutton and based on recursive subdivision of the faces 
of an octahedron provides a convenient and practical way of representing distributions 
over the surface of the earth in hierarchical, tesselated fashion. This presentation 
describes work at NCGIA Santa Barbara to implement a global GIS using a version of 
Dutton's scheme. The system makes use of the 3D display capabilities of a graphics 
workstation. Algorithms have been developed for the equivalent of raster/vector 
conversion, including filling, and the representation of lines in chain codes. Windowing 
is simple because of the basic transformations used to create the scheme, suggesting 
its use in tiling global databases. Examples are given of displays using the system, 
and of some simple forms of analysis.

The Truncated Icosahedron as the basis for a global 
sampling design for environmental monitoring

A. Jon Kimerling
Department of Geosciences

Oregon State University
Corvallis, OR 97331

Denis White
NSI Technology Services Corp. 

US EPA Environmental Research Laboratory
200 SW 35th St. 

Corvallis, OR 97333

A comprehensive environmental monitoring program based on a sound statistical 
design is necessary to provide estimates of the status of, and trends in, the condition 
of ecological resources. A systematic sampling grid can provide the adaptive capability 
required in a broad purpose monitoring program, but how shall the globe or large areas 
of it be covered by such a grid? Criteria for determining the cartography and geometry 
of the sampling grid include equal areas across the domain of sampling, regular and 
compact shape of sampling areas, and hierarchical enhancement and reduction of the 
grid.

Analysis of systematic subdivisions of projections of the Platonic solids (tetrahedron, 
hexahedron, octahedron, dodecahedron, and icosahedron) onto the globe show that 
subdivisions of the dodecahedron and icosahedron produced the most regular set of 
triangles, but differences among triangles are unacceptably large. In addition, analysis 
of Lambert azimuthal equal-area map projections for the triangular subdivision of each 
Platonic solid show that distortions in shape reach unacceptably large maximum 
values for each solid.

Acceptably small shape distortions (maximum about 2%) can be obtained by 
subdividing the globe into a truncated icosahedron, an Archimedean polyhedron 
(commonly used as the tessellation for soccer balls) consisting of twenty hexagons 
and twelve pentagons. A hexagon face of the truncated icosahedron can be positioned
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to cover the entire conterminous U.S.; adjacent hexagons cover Alaska and Hawaii. A 
hexagon from this model can be decomposed into a grid of equilateral, equal-area 
triangles whose vertex positions can be projected into geodetic latitude and longitude 
coordinates on the spheroid.

This triangular grid of sample points has advantages in spatial analysis over square or 
hexagonal grids. The geometry for enhancement and reduction provides for a 
hierarchical structure, and includes provision for density changes by factors of 3, 4, and 
7. Points in the triangular grid placed on the truncated icosahedron hexagon can be 
addressed with a hierarchical system based on the systematic decomposition from the 
hexagon, or by a system similar to the quadrangle labeling convention of the U.S. 
Geological Survey.

The Evolution of Geopositioning Paradigms

Hrvoje Lukatela
2320 Uxbridge Drive

Calgary, Alberta, CANADA - T2N 3Z6
email: lukatela@uncamult.bitnet

Numerical geopositioning paradigms, used in virtually all of the current geometronical 
systems, are derived by a simple-minded transplant of the procedures and numerical 
apparatus of the classical cartography into the realm of digital computing. Such 
systems suffer from two major faults:

1) Full functionality of their spatial modeling is restricted to a single planar area; 
usually less than one percent of the planetary surface. Modeling of the time-space 
relationships between the near-space objects and the terrestrial surface is imprecise 
and/or inefficient
2) Geometry relationship derived from the planar digital model is, at best, an imprecise 
approximation of the corresponding relationship in the object space; at worst, it is an 
exact opposite.

The purpose for the creation of most geometronical systems is no longer the auto 
mated production of an analog, graphical model, from which a human observer derives 
spatial relationships. In many disciplines, the human map user has been partially or 
completely replaced by a layer of discipline-specific software; layer which depends on 
the geometronical system - and its database - for the selection, manipulation and 
delivery of digitally encoded spatial information. Among the spatial processing 
requirements of a typical application system, two stand out:

1) From the numerical representation of spatial objects, their geometric relationships - 
unions, intersections, proximity sections, distances, etc. - must be derived, with at 
least an order of magnitude higher spatial resolution and precision than that which is 
employed by the measurements and activities carried out in the object-space.
2) Among a large number of objects, populating the digital model and its database, the 
system must select those that conform to a criterion based on the spatial extent of 
another, possibly transient, object. This criterion is frequently combined with non- 
spatial selection criteria.

HIPPARCHUS is one among a number of new numerical geopositioning paradigms, 
which provide these facilities, while avoiding the faults mentioned above. Its reference 
surface - and the data domain - is an ellipsoid of rotation; its repertoire of spatial 
primitives consists of points, lines and areas on the terrestrial surface, as well as the
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time-position relationship of the closed orbits and their sensor geometry.

In order to construct an index into a collection of objects, the domain is partitioned, and 
the fragment identifiers are used as the search arguments of either an implicit or 
explicit index table. Spherical or spheroidal surface partitioning presents a greater 
challenge than that of a planar one; beyond five Platonic solids, spherical surface can 
not be sub-divided into a finite number of regular polygons. The spherical surface can 
be partitioned using one of the two divergent structure classes: pseudo-regular 
(Pythagorean) or irregular (Platonic). Of the latter, spheroidal equivalent of the planar 
Voronoi tessellation - combined with the vector algebra based manipulation of the 
spherical coordinates - seems to yield an extremely efficient implementation of the 
critical spatial algorithms. It is, however, the combination .of both partitioning 
techniques that will likely provide a base for the future numerical geopositioning 
paradigms.
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VISUALIZING THE QUALITY OF SPATIAL INFORMATION

Barbara P. Buttenfield
NCGIA, Department of Geography, SUNY-Buffalo, Buffalo, NY 14261 

email GEOBABS@UBVMS

M. Kate Beard
NCGIA, Department of Surveying Engineering

University of Maine, Orono, Maine 04469
email BEARD@MECAN1

DESCRIPTION AND SCOPE OF THE ISSUE

Technology currently allows us to process and display large volumes 
of information very quickly. Effective use of this information for analysis 
and decision making presupposes that the information is correct or 
reasonably reliable. Information on the quality of data is essential for 
effective use of GIS data: it affects the fitness of use of data for a particular 
application, the credibility of data representation and interpretation, and the 
evaluation of decision alternatives. The credibility of spatial decision 
support using GIS may indeed depend on the incorporation of quality 
information within the database and the display. As Goodchild (1990) states 
the best insurance will be to sensitize the GIS user community to accuracy 
issues and to develop tools which allow spatial data handling systems to be 
sensitive to error propagation. Visualization should be explored as a 
method for capturing, interpreting and communicating quality information 
to users of GIS. Clearly, the quality of information varies spatially, and 
visual tools for display of data quality will improve and facilitate use of GIS. 
At present, those tools are either unavailable (in existing GIS packages) or 
not-well developed (error models and the process of visualization are only 
recently beginning to be addressed directly as research topics).

The quality of spatial data and databases is a major concern for 
developers and users of GIS (Chrisman, 1983). The quality of spatial 
information products is multidimensional, and relates to accuracy, error, 
consistency and reliability. Implications for spatial analysis and for spatial 
decision-making are too complex for a comprehensive inventory, but can 
be identified in theoretical work (for example in spatial statistics) as well as 
in GIS applications (for example in resource management). This paper 
presents an initial framework for discussion of the role of visualization for 
understanding and analyzing information about the quality of GIS data. 
The discussion will proceed from and expand upon the ideas presented 
here in a panel session at the meeting.

This paper represents part of Research Initiative #7, "Visualizing the 
Quality of Spatial Information", of the National Center for Geographic 
Information and Analysis, supported by a grant from the National Science 
Foundation (SES-88-10917); support by NSF is gratefully acknowledged.
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Our goal in this research panel is to bring together representatives 
from academia, federal agencies and the private sector to present their needs 
for knowledge about the quality of spatial data products. Discussion will 
focus on effective means to manage and visually communicate components 
of data quality to researchers, decision-makers and users of spatial 
information, particularly in the context of GIS. The intention is to consider 
a variety of perspectives on topics for a research agenda available to the 
general GIS community, and to hear the various sectors (educational, 
commercial and applications) express priorities for topics in the agenda.

THEMES FOR RESEARCH

Questions and impediments relating to the visualization of data 
quality conceivably cover a very broad ground. For example, issues of 
modeling and sensitivity analysis might be considered to determine what 
visual tools are appropriate for particular models, the opportunity for 
visualization to facilitate spatial analysis, and caveats to consider in 
implementing visual tools in modeling. The role of visualization in 
geographical analysis and its role in hypothesis testing and data exploration 
have been recently reviewed (Buttenfield and Mackaness, 1991), but these 
topics lie beyond a manageable scope for the panel. Instead, impediments 
and research priorities within four categories will be addressed. These 
include defining components of data quality, identifying impediments for 
maintenance of data models and databases, addressing representational 
issues, and evaluating particular user needs for data quality information.

Data Quality Components. Perhaps the most commonly cited component 
of data quality relates to measures of error. Commonly recognized errors 
include those associated with data collection(source error) and the 
processing of data for map compilation (process error). Information on 
source error is often discarded with the completion of map compilation. 
Process errors have proven difficult to analyze in many cases, for example 
in studies of digitizing error, or in modeling error associated with soil 
mapping (Fisher, 1991). In statistics, the concept of Least Squares Error has 
been applied to determine reliability (or what is called 'confidence') in 
hypothesis testing. A third error component (use error) is associated with 
the appropriate application of data or data products (Beard, 1989).

By some definitions, error (the discrepancy between measurement 
and true value) is much more difficult to assess than accuracy (the 
discrepancy between measurement and a model). The best examples of this 
may be found in determination of geodetic position, which until the 
development of GPS systems was limited to (albeit precise) projection of 
location with reference to a geodetic spheroid and datum. The Proposed 
Standard for Digital Cartographic Data Quality (Moellering, 1988) 
incorporates three accuracy measures (positional accuracy, attribute accuracy, 
and consistency) in addition to lineage and completeness.

A standard definition of data quality and its components may be 
difficult to agree upon, as the domain of an application will likely impact
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the user needs. For soils data, for example, requirements for consistent 
attribution of soil type are more readily evaluated than requirements for 
accurate positioning of soil parcel boundaries. For demographic data, where 
enumeration boundaries are determined by mechanisms unrelated to the 
particular variable at hand, just the converse may be true. Regardless, there 
should be consensus about some of the research priorities for this theme:

What visual tools are appropriate for particular error models? 

How can visualization facilitate monitoring of error propagation?

Data Models and Database Issues. Management of data quality within a GIS 
database requires attention during manipulation and update, and will likely 
impact upon the future architecture of such databases for implementation. 
Information about the information within a database is referred to as 
metadata, and has recently become a research issue in its own right (see for 
example Lanter and Veregin, 1990). The representation of data quality 
components in a data structure will not only have requirements to facilitate 
their visual display, but also must be implemented with efficient pointers 
and links to facilitate update operations. Analysis of error propagation 
might also be facilitated by visual display, and the design of these graphic 
tools may not be closely aligned with the design of conventional GIS 
graphics. This will be covered under the third theme presented below. 
Other questions arise:

How can the metadata be updated simultaneously with the data?

What database requirements must be implemented to accommodate 
real-time data quality representations for static GIS products, or for 
dynamic displays?

Can current data structuring alternatives accommodate changes to 
data and data quality in effective ways? How can links b/t data and 
data quality be preserved during database modification or update?

Representational Issues. The ease with which visualization tools may be 
integrated within GIS packages varies considerably depending on at least 
three issues, including the domain of the phenomena to be studied, the 
purpose or intent of the user, and the format of the GIS software 
(MacEachren, Buttenfield, Campbell, and Monmonier, 1991). This presents 
a substantial challenge to the system designer. Buttenfield and Ganter 
(1990) suggest that GIS requirements for visualization include conceptual, 
technological, and evaluatory solutions, which may be seen to vary over 
three broad domains: inference, illustration, and decision-making. Each 
presents a challenge to the integration of appropriate visualization tools.

Maps are a major tool for decision-making with GIS. Current GIS 
software includes functions to create cartographic output automatically or 
interactively. However, none of the current turnkey systems include 
mechanisms to ensure correct use of graphics functions. Poorly designed 
maps may convey false ideas about the facts represented by the data, and bias
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the decision-making process. Weibel and Buttenfield (1988) explore ways to 
improve the quality of GIS map products, and increase effectiveness of 
information transfer based on graphics. Their guidelines may provide only 
a rudimentary implementation for visualizing data quality. Research 
priorities that come to mind under this theme may involve both system 
benchmarking and cognitive evaluations, as seen for example by the 
following questions:

What design tools are appropriate for graphical depiction of 
data quality?

Will generation of realtime data displays during database 
update facilitate monitoring of error and error propagation?

How can the effectiveness of such displays be evaluated? For 
example, What is the utility of embedding data quality with 
data in graphic display? Can the two be merged, or is this too 
much of a cognitive challenge for effective interpretation?

Evaluation of User Needs. Ganter (1990) discusses visualization from a 
cognitive as opposed to graphical perspective, cautioning readers that 
discovery and innovation, which have traditionally involved thinking 
visually and producing images, increasingly benefit from GIS and CAD. He 
argues for the importance of understanding the human faculties which use 
pictures as tools in thinking. Science and engineering define problems, 
explain processes, and design solutions through observation, imagination 
and logic. Evaluation of user demands for data quality information will 
require sensitivity to the internal (perceptual and cognitive) mechanisms by 
which spatial and temporal patterns are interpreted.

Equally important is the need for sensitivity to the domain of the GIS 
application. For example, reliability associated with a routing of emergency 
dispatch vehicles will likely vary with each link of the route; this 
information must be presented with high precision and in a short 
timeframe. Reliability variations associated with the environmental impact 
of a timber clear-cut operation cannot be tied to a routed network, and 
variations may be interpolated as opposed to tabulated raw data. In this 
context, some research questions may be proposed:

What are expectations of GIS users regarding data quality displays?

How will visualization of data quality impact upon the reliability 
and credibility of spatial decision-making using GIS?

SUMMARY

With advances in technology, storage and displays mechanisms are 
now in place for real-time display not only of spatial pattern but also of the 
quality of the rendered data. Developments in software provide spatial 
inference and statistical explanation to the verge of providing models about
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the reliability and consistency of spatial interpretation, and this has paved 
the way for application of GIS to policy-making and decision support. There 
is a need and timeliness to consider data quality issues in the context of GIS. 
Our acuity for visual processing indicates that current technology in 
graphical display may assist our efforts to validate the decisions and results 
based on GIS analyses. The panel discussion is intended to present multiple 
viewpoints and to encourage the research and user community to address 
visualization of data quality as an attainable goal in the development of GIS.
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A General Technique for Creating SIMD
Algorithms on Parallel Pointer-Based

Quadtrees

Thor Bestul
Center for Automation Research 

University of Maryland, College Park, MD 20742

Abstract

This paper presents a general technique for creating SIMD parallel 
algorithms on pointer-based quadtrees. It is useful for creating paral 
lel quadtree algorithms which run in time proportional to the height 
of the quadtrees involved but which are independent of the number 
of objects (regions, points, segments, etc.) which the quadtrees repre 
sent, as well as the total number of nodes. The technique makes use 
of a dynamic relationship between processors and the elements of the 
space domain and object domain being processed.

1 Introduction
A quadtree is a data structure for indexing planar data. It is a tree with 
internal nodes of degree four, where the root represents a planar rectangular 
region, and the four sons of each internal node represent the four quadrants 
of the node's region. Generally, each node stores some information about 
the region it represents and also a color, with the internal nodes being con 
sidered gray and the leaf nodes having some color derived from the data in 
their regions. A particular variety of quadtree is typically denned by giving a 
decomposition rule, which determines whether a region should be subdivided 
and the corresponding node given sons. For example, for quadtrees to repre 
sent binary images (i.e. region quadtrees), the rule is that if a region contains 
pixels with both binary values, it is decomposed and the corresponding node 
is an internal gray node with four sons. If a region consists entirely of only 
one the binary values, the corresponding node is a leaf node and has, say, 
the color black if the single value is 1 and white if it is 0. For our purposes, 
the division of a region into quadrants is always done uniformly, although 
the definition of quadtree does not necessitate this.

This paper describes a technique for creating quadtree algorithms in 
tended to run in a parallel processing environment with many processors 
sharing a single instruction stream (Single Instruction stream Multiple Data 
stream or SIMD) and possessing a general facility for intercommunication 
among the processors. The algorithms are for building and processing quadtrees 
stored with one quadtree node per processor, and with non-leaf node pro-
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cessors possessing pointers to the processors representing their sons. We call 
such a quadtree implementation a parallel pointer-based quadtree.

The target architecture consists of many (several thousand) processors 
each with a modest amount (a couple Kbytes) of local storage, and all of 
which simultaneously perform a single sequence of instructions in lockstep. 
The exception to this is that each processor can ignore instructions depending 
on the current values in its local memory. Each processor has access to 
anywhere within the local memory of any of the other processors. Thus if 
each processor possesses a pointer to data in some other processor's memory, 
they may all dereference their pointers in lockstep. Simultaneous reads of 
data from a single location are supported. Simultaneous writes of data to a 
single location are also supported, as long as a contention resolution operation 
is specified along with the write operation, such as summing the received 
values, min or maxing them, performing various boolean operations on them, 
or selecting one of them arbitrarily.

A fundamental operation used often in the following is that of processor 
allocation, in which a processor obtains a pointer to some other processor 
not in use and initializes its local memory in some fashion, causing it to then 
become part of the active computation underway. Processors can also be de 
allocated, meaning that they no longer contribute to the active computation, 
and lay idle waiting to be allocated again by an active processor. This can be 
done in parallel for many processors which desire to allocate other processors 
by using the rendezvous technique [4].

This algorithm creation technique combines two paradigms for parallel 
computation in the arena of spatial data structures and the objects they 
represent. One paradigm is space parallelism, in which the two or three- 
dimensional space represented by our data structure (in this case a quadtree) 
is divided up among the processors, each of which operates serially across the 
entire set of objects. The other paradigm is object parallelism, in which the 
set of objects involved is divided up among the processors, each of which 
operates serially across the entire space. The technique described here uses 
parallelism across both space and the set of objects. In order to accomplish 
this combination of paradigms the technique leans heavily on the facility 
of general intercommunication among processors, and in particular on the 
capability of the handling of multiple reads and writes.

The technique succeeds partially because of its use of a very fine-grained 
parallelism in which we have parallel processors distributed both across the 
spatial elements and across the objects in the object set. However, the tech 
nique only attains its full generality when we discover a mechanism to press 
beyond even this level of granularity when necessary, and to make use of a a 
dynamic relationship between processors and the elements of the space and 
object domains being processed.

2 A Degenerate Case
It is simplest to describe the algorithm creation technique by first describing a 
degenerate case of it. We use as an example problem the task of constructing 
a PR quadtree for a collection of points in a plane, and create a parallel 
algorithm for this task. In the construction of a PR quadtree, a node should
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be assigned the color gray and subdivided if more than one point lies within 
its boundary. A node should be white if it contains no points and black if it 
contains exactly one.

We allow a processor for each point, containing that point's coordinates, 
and initially have one processor to represent the root of the quadtree under 
construction. The algorithm consists of a single loop iterating from the top to 
bottom level of the quadtree being built, constructing all the quadtree nodes 
for each particular level at once. Each point processor contains a pointer to 
a node processor, and initially all the point processors point to the single 
root node processor. The algorithm is illustrated in Figures 1 through 4 for 
a small set of points.

For the first iteration of the loop, all points retrieve from the root node 
information about where the boundary of the region it represents lies, and 
then compute whether or not they lie within that boundary. All points 
outside of the root boundaries set their node pointers to null. All points 
with non-null node pointers then send the value "1" to the root node. These 
values are summed at the root node as they are received. The root node 
processor then checks this sum, and if it is greater than 1, meaning that 
more than one point lies within its boundary, it assigns itself the color gray, 
and allocates processors for its four son nodes. If the sum is 0 then the node 
assigns itself the color white, and black if the sum is 1. Each point then 
checks the node it points to (still the root node during this first iteration), 
and if it is gray, computes which quadrant of the node it is in, and fetches 
the corresponding son pointer. Each point processor now possesses a pointer 
to the node processor corresponding to the quadrant within which the point 
lies, if it lies in any, or has a null node pointer otherwise.

On the second iteration of the loop each point again sends the value "1" 
to the node to which it points, the nodes check the sums they receive, and all 
those nodes found to have more than one point within their boundaries are set 
to gray and allocate sons. Each point processor then selects the appropriate 
son to point to. This process is repeated moving down the quadtree being 
created until no node has more than one point within its boundary, or some 
limit on the number of quadtree levels has been reached.

Below is the PR-quadtree construction algorithm. The main procedure 
is 'PR_quadtree()'. This procedure takes as an argument a pointer to a node 
processor, which it uses as the root of the quadtree constructed. Only those 
point processors active when the routine is called are used for the construction 
of the quadtree. This is so that some subset of all the stored points could be 
selected as a basis for the quadtree, by having the routine called from within 
a parallel conditional statement. The effect of a conditional statement in 
a parallel context is to deactivate for the duration of the statement those 
processors whose currently stored values do not satisfy the conditional, as 
will be discussed below.

In the procedure 'PR-quadtree', every node is given a flag called live. At 
the beginning of each iteration of the procedure's loop, we set the live flag 
to true in all those nodes which have some point processor pointing lo them, 
and to false in all other nodes. Only those nodes for which lin is true are 
operated on during the rest of the iteration.

We give here a description of our programming paradigm mid algorithm 
notation.
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The algorithm is given as a procedure, possibly with other supporting 
procedures. There is no nesting of procedure declarations. Besides proce 
dures there are global variables; a variable is global if it is declared outside of 
any procedure. A procedure may return a value; if so, the type of the value 
is given before the 'procedure' keyword.

A variable can be either parallel or non-parallel; in the latter case we say 
that the variable is mono. Every parallel variable belongs to some particular 
parallel processor type, such as point processor or node processor. A variable 
is declared as mono with the construct "mono declaration''' and as parallel 
with the construct "parallel processor-type declaration'''. In certain contexts 
the default type is mono and in certain other contexts the default is parallel; 
in these contexts the prefixes "mono" or "parallel processor-type" may be 
omitted. Global declarations of variables are mono by default, so when global 
declarations of parallel variables are made the prefix "parallel processor-type'1 '' 
must be used, and furthermore the declarations must be given in a record- 
style block delimited by the keywords 'begin' and 'end'. Only one such global 
block of variables is permitted for each processor type. Each processor type 
has its own namespace for global variables.

If a variable is a pointer, both the pointer itself and the type of object 
pointed to can be either parallel or mono. The declaration "mono pointer 
mono integer p" specifies a simple mono pointer to a mono integer, and corre 
sponds to the usual notion of pointers in serial architectures. The declaration 
"mono pointer parallel apple integer p" specifies that 'p' gives a uniform off 
set into the storage of all processors of type 'apple' and that at that offset 
is found a parallel variable of type integer. The declaration "parallel apple 
pointer parallel orange integer p" specifies that the parallel pointer 'p' be 
longs to the processors of type 'apple', and that each instance of 'p' points 
to some datum of integer type in some processor of type 'orange'. The dec 
laration "parallel apple pointer mono integer p" specifies that the parallel 
pointer 'p' belongs to the processors of type 'apple' and that each instance 
of 'p' points to some mono integer datum.

Procedures can also be either parallel or mono. A procedure is specified as 
parallel by prefixing its declaration with "parallel processor-type", otherwise 
it is taken to be mono. The arguments, local variables, and return value of 
a mono procedure are taken to be mono by default. The arguments, local 
variables, and return value, if any, of a parallel procedure are by default 
parallel values. Furthermore, within the body of a parallel procedure, parallel 
global names are interpreted in the context of the processor type given in the 
procedure declaration. Any of the parameters, local variables, or return 
values of any procedure can be forced to be of some type other than their 
default by use the 'mono' and 'parallel' prefixes.

Declarations of procedure parameter types are given between the proce 
dure argument list and the procedure's 'begin' statement.

The construct "in.every processor-type do statement-list" causes precisely 
the set of all processors of the given type to become active at the beginning 
of the statement list. Furthermore, within the statement list the names of 
global variables are interpreted in the context of the given processor type. At 
the end of the statement list, the set of processors which were active before 
the statement list was entered is re-established as the active set.

The are two variants to "in_every". One is "in_every boolean-expression

431



processor-type do statement-list" and the other is "in_every processor-type 
having boolean-expression do statement-list". Both are equivalent to "in_every 
processor-type do if boolean-expression then statement-list".

Outside of a parallel procedure for a given type or an 'in_every' statement 
for a given processor type, use of parallel global variable names for that 
processor's type is considered an error.

In the construct "if conditional then statement-list", if the conditional 
is a parallel expression (one involving parallel variables or values), then the 
subset of the present active set of processors whose current values satisfy 
the conditional are made the active set at the beginning of the statement 
list. At the conclusion of the statement list, the set of processors which were 
originally active is re-established as the active set.

When a parallel procedure is called, the set of processors active at the 
time of invocation will be the set active at the beginning of the execution of 
the procedure body.

If 'p' is a pointer to a processor, and 'f is a parallel variable in the 
processors of the type of that pointed to by 'p', then the notation 'f<p>' 
indicates the value of the variable 'f' in the particular processor pointed to 
by'?'.

The symbol '<—h' indicates an assignment statement involving a possibly- 
multiple write, and in which the write contention is to be resolved by sum 
ming the multiply-written values. There are other similar assignment sym 
bols such as '<-or' and '<-min'.

The algorithm is as follows:

node I I pointer node father;
node I I pointer node array son[4];
node I I integer level;
node I I node_color color;
node II real left, right, bottom, top;

point I I real x, y;

node II procedure allocate_sons();
/* Allocates four sons for each node active when

the procedure is called and fills each node's
son array accordingly. */

procedure PR_quadtree(root) 
pointer node root;
/* Builds a PR quadtree for all the points which are in 

allocated point processors. Assumes that root points to 
a node whose level and boundary have been initialized, 
and uses this node as the root of the quadtree 
constructed. */ 

begin
node I I integer total; 
point I I pointer node node_ptr; 
point II integer my_quadrant; 
integer 1;

/* Make all points within the root's boundary point to the
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root, give all other points NULL node pointers. */ 
in_every point do 
begin

node_ptr <- NULL;
if x >= left<root> and x <= right<root> and

y >= bottom<root> and y <= top<root> then 
node_ptr <- root; 

end;

/* Loop from level of root to bottom. */

for 1 <- level<root> downto 0 do 
begin

/* Initialize point total for all nodes on present
level to zero. */ 

in_every node having level = 1 do 
total <- 0;

/* Each point contributes 1 to the point total for the
node containing it. */

in_every point having node_ptr <> NULL do 
total<node_ptr> <-+ 1;

/* Nodes with no points in them are white. Nodes with 
one point in them are black. Nodes with more than 
one point in them are gray. If we're not at the bottom 
level we allocate sons for the gray nodes. */ 

in_every node having level = 1 do 
begin

if total = 0 then color <- WHITE 
else if total = 1 then color <- BLACK 
else begin

color <- GRAY;
if 1 > 0 then allocate_sons(); 

end; 
end;

/* If at bottom level then we're done. */ 
if 1 = 0 then return;

/* The points in each gray node divide themselves among
the sons. */ 

in_every point having node_ptr <> NULL and
color<node_ptr> = GRAY do 

begin
/* Each point determines which subquadrant it is in. */
my_quadrant <- 0;
if x > 0.5 * (left<node_ptr> + right<node_ptr>) then
my_quadrant <- my.quadrant + 1;

if y < 0.5 * (bottom<node_ptr> + top<node_ptr>) then 
my_quadrant <- my_quadrant + 2;

/* Each point fetches the pointer to the corresponding
node son. */

node_ptr <- son<node_ptr>[my_quadrant]; 
end;

end; 
end;
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To summarize the technique so far, we allow one processor per object and 
one processor per quadtree node. Each object is given access to a sequence 
of shrinking nodes which contain it; initially all objects have access to the 
root node. By having each object obtain information from its node, and by 
combining at the node information from all of the objects who access that 
node, the objects make decisions about descending the quadtree from that 
node.

3 The General Technique
Now consider instead the task of constructing a PM quadtree for line segment 
data. In constructing a PM quadtree, a node should be assigned the color 
gray and subdivided if its boundary contains more than one endpoint, or 
if its boundary has two segments which enter it but which do not have a 
common endpoint within it. Initially, we have one processor allocated for 
the quadtree root, and one processor for each line segment, containing the 
coordinates of the segment's endpoints.

Consider creating an algorithm, similar to the one given above, to con 
struct the PM quadtree for this segment data. Each segment processor ini 
tially possesses a pointer to the quadtree root processor. Each segment pro 
cessor computes how many of its segment's endpoints lie within the boundary 
of the node to which the segment processor points; this will be 0, 1, or 2. 
Each segment then sends this value to the node it points to, and both the 
maximum and minimum of these values are computed at the node. Any node 
which receives a maximum value of 2 assigns itself the color gray, since this 
means that some single segment has both endpoints in the node's boundary. 
Any node which receives a maximum of 1 and a minimum of 0 also assigns 
itself the color gray, since this means that there are at least two segments in 
the node's boundary, one which passes completely through it and one which 
terminates within it.

Then each segment with exactly 1 endpoint in the node it points to sends 
the coordinates of that endpoint to the node. The node receives the minimal 
bounding box of the coordinates sent to it (this, of course, amounts simply 
to applying min and max operations appropriately to the coordinate compo 
nents). If this minimal bounding box is larger than a point, the node assigns 
itself the color gray, since this means that some two segments entering the 
node have non-coincidental endpoints within the node.

Finally each segment with 0 endpoints in the node it points to determines 
whether it in fact passes through the interior of the node at all, and if so 
it sends the value "1" to the node, where these values are summed. If the 
sum received by the node is greater than 1, the node assigns itself the color 
gray, since this means that some two segments passing through the node do 
not have any endpoints in the node, which implies that they do not have a 
common endpoint in the node. Then all gray nodes allocate son processors. 
Any nodes which were not given the color gray should be colored white if no 
segments entered their interior (the sum is zero), and black otherwise (the 
sum is one).

At this point in the algorithm, we would like to have all segment proces 
sors which point to gray nodes compute which of the node's sons they belong
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to, and retrieve from the node the appropriate son pointer, just as in the 
case of the PR quadtree construction algorithm. Of course in this case, as 
opposed to the case of the point data, a given segment can intersect more 
than one of the node's sons, and we are left with the situation of wanting to 
assign up to four son pointers to the segment processor's node pointer, and 
processing each of the corresponding sons. The solution to this dilemma is 
to allocate clones of each such segment processor, that is, to create multiple 
processors which represent the same segment, and all of which contain (al 
most) the same information. So for each segment processor pointing to a gray 
node, we allocate three clone processors, all of which contain the segment's 
endpoints and a pointer to the same node as the original segment processor. 
In addition, the original and its clones each contain a clone index from 0 to 
3, with the original containing 0 and each of the clones containing a distinct 
index from 1 to 3. Now the original and its clones each fetch a son pointer 
from the node that they all point to, each one fetching according to its clone 
index, so that each gets a different son pointer.

The subsequent iterations of the algorithm proceed as the first, with each 
segment processor determining how many of its endpoints lie within the 
interior of the node it points to, and with the eventual computation of the 
colors of all the nodes on each particular level. At this point in each iteration, 
notice that any segment processors pointing to leaf nodes, or whose segments 
do not pass at all through the interior of the node to which they point, will 
not have any further effect of those nodes, and can thus be de-allocated and 
re-used later. This reclaiming of segment processors keeps the number of 
clones allocated for each segment from growing exponentially. In fact the 
number of processors required for a given segment at a given level in the 
construction of the quadtree will be only roughly as many as there are nodes 
in that level of the tree through whose interior the segment passes.

To summarize the general technique then, we allow one processor per 
quadtree node, .and initially allow one processor per object. Each object 
is given access to a sequence of shrinking nodes which contain part of it; 
initially all objects have access to the root node. By having each object 
obtain information from its node, and by combining at the node information 
from all of the objects who access that node, the objects make decisions 
about descending the quadtree from that node. For those objects which do 
descend, it is desirable for their various parts which lie in various quadrants of 
the node to descend in parallel. Thus we allow duplicate or 'clone' processors 
for each object, and have each processor handle just that portion of the object 
relevant to one quadrant of the node. Duplicate processors which determine 
that they can no longer effect the the node to which they point, because 
that node is a leaf, or because the object they represent does not overlap 
that node, can deactivate themselves so that they may be used later in the 
computations for some other object.

We see then that this technique allows us to go beyond the level of gran 
ularity of one processor for every element (space component or object) to 
a level where there are multiple processors for certain elements and none 
for others; where the processors are being used and disposed in a dynamic 
fashion.
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4 Other Applications
The same general technique can be applied to create algorithms for several 
other quadtree tasks. For example consider the task of shifting a quadtree. 
Suppose we have already created somehow a quadtree with one processor 
per node, and wish to compute a new quadtree to represent the original 
one shifted by some amount. Using this technique we create the following 
algorithm.

Have each black leaf node of the old quadtree compute its own shifted 
position. Then allocate a new processor for the root node of the new (shifted) 
quadtree, and give each old black leaf node a pointer to this new root node. 
Iterate the following from top to bottom of the new quadtree.

Each old black leaf node fetches the boundary of the new node it points 
to, and computes whether, in its new shifted position, it encloses that node. 
All old black leaf nodes which do enclose the new node they point to send the 
value TRUE to the new node, which combines the received results by or-ing 
them. Any new node which thus determines it is enclosed by some old black 
leaf node assigns itself the color black. Then each old black node computes 
whether it intersects the new node it points to even if it doesn't enclose it, 
and if so sends TRUE to the new node, which combines the received results 
by or-ing them. The new node then assigns itself the color gray if it is not 
already black and if some old black leaf node intersects it, i.e. if the received 
result is TRUE. Any new node which does not determine itself to be black 
or gray in this way assigns itself the color white. All new gray nodes allocate 
sons for themselves. Each old black leaf node pointing to a new gray node 
allocates clones for itself, and divides up among itself and its clones the son 
pointers of the new gray node to which they all point.

In the above procedure, before clones are allocated, any processor rep 
resenting an old black leaf node which points to a black or white new node 
should de-allocate itself so that it may be re-used, since it will no longer affect 
the new node it points to. Of course, this de-allocation should not be done 
for those processors which originally represented the quadtree to be shifted, 
if it is desired that this original quadtree not be lost, but these processors 
can be specially marked to avoid their being de-allocated.

It is not hard to see how this same technique can also be used to create al 
gorithms for quadtree rotation and expansion which run in time proportional 
to the height of the new quadtree, by computing in parallel the rotated or 
expanded version of each old black leaf node, and building the new quadtree 
using cloning. One can also create algorithms for the simultaneous insertion 
of many polygons or arbitrary regions into a quadtree. Some of these al 
gorithms will require an additional post-processing phase in which any node 
with four sons of the same color is given that color and has its sons discarded. 
This can be done in a single bottom-up pass over the new quadtree in time 
proportional to its height.

5 A Hidden Edge Algorithm Using Cloning
To show the flexibility of our technique, we use it here to create an algorithm 
for computing hidden edges in a scene consisting of polygons lodged in 3-
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space. The algorithm builds an MX quadtree of the pixels in the viewplane. 
In an MX quadtree [3], all pixel sized leaf nodes through which an edge passes 
are black, and all other leaf nodes are white.

This algorithm is based on the Warnock algorithm for hidden edge com 
putation [1] [5]. The essential idea of the algorithm is that while recursively 
decomposing the viewplane into quadrants, if it can be determined that all 
of the pixels which compose some entire quadrant at some level of decom 
position should be white, then the quadrant does not need to be further 
decomposed. In order to determine if this is so for a given quadrant, we 
consider the planes (in 3-space) in which our polygons lie. After computing 
the projections onto the viewplane of all polygons (which is done in parallel 
by the polygon processors), we consider the planes of those polygons whose 
projections completely enclose the given quadrant. We wish to determine 
if the plane of any of those polygons is "closer" to the viewpoint than the 
planes of the other polygons whose projections enclose the quadrant. To 
determine this, we compute the inverse projections of the quadrant corners 
onto the planes of the enclosing polygons, and if one plane is found to be 
nearer to the viewpoint for all four corners, it is deemed the closest plane.

The algorithm proceeds as follows. We initially assign one processor per 
polygon, and have one processor representing the root node of the viewplane 
quadtree being constructed. Initially each polygon processor possesses a 
pointer to the root node. The following procedure is iterated from top to 
bottom of the quadtree being built.

Each polygon computes its projection onto the viewplane (these can be 
pre-computed since they are fixed), and determines the relationship of its 
projection with the quadtree node to which it points. Specifically, it de 
termines whether its projection encloses the quadrant, or is involved with 
it, meaning it overlaps but does not enclose the quadrant, or whether it is 
outside the quadrant altogether.

Each polygon whose projection encloses its quadrant computes the in 
verse projection of each of the four corners of its quadrant onto its plane. 
This computation produces for each corner a distance from the viewpoint 
to the polygon's plane. Each of these polygons then sends this distance for 
each of the four corners to its quadrant (node) processor, which computes 
the minimum of these values as they are received. Each polygon then reads 
back the minimum distance for each of the four corners, and if all four min 
imum distances are equal to the corresponding distances which the polygon 
computed for its own plane, the polygon concludes that its plane is closest 
to the viewpoint. The polygon then informs its quadrant that it is enclosed 
by the projection of a polygon whose plane is closest to the viewpoint, and 
based on this the quadrant assigns itself the color white.

Then all polygons which are involved with (i.e. overlapping but not en 
closing) their quadrant send the value TRUE to their quadrant, which com 
bines the values sent to it by or-ing them. Any quadrant not already assigned 
the color white and which determines it has some polygon involved with it 
assigns itself the color gray. All other quadrants have no polygons whose 
projections either enclose them or are involved with them, so they assign 
themselves the color white. All gray quadrants allocate sons.

Those polygons which point to a quadtree leaf node, or which are outside 
the quadrant to which they point, de-allocate themselves, since they will no
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longer affect those nodes. All remaining polygon processors point to a gray 
nodes. Each remaining polygon processor allocates clones, and divides up 
among itself and its clones the son pointers of its node.

On the last iteration of the algorithm, that is, the pixel-level iteration, 
the procedure above is modified so that any node which is involved with some 
polygon assigns itself the color black instead of gray. After this last iteration, 
the quadtree constructed is an MX quadtree representation of the viewplane 
of the projection, with hidden edges eliminated.

Below is the hidden-edge algorithm. The main procedure is 'hidden_edge()', 
which takes as an argument a pointer to a node processor, and uses this as the 
root of the quadtree constructed. As with 'PR_quadtreeQ', only those poly 
gon processors active when the routine is called are used for the construction 
of the hidden-edge image quadtree.

node |
node |
node I
node I
node I

pointer node father;
pointer node array son[4];
integer level;
node_color color;
real left, right, bottom, top;

/* Vertex projections onto viewplane. */
polygon II real array x[NPOINTS], y[NPOINTS];
/* Number of vertices in polygon. */
polygon II int npts;
/* Parameters of polygon plane. */
polygon I I real a, b, c;

polygon II real polygon II procedure poly_plane_dist(x, y);
polygon I I real x, y;
/* For each active polygon, returns the distance from the

viewpoint to the polygon plane via the point (x, y) on
the viewplane. */

polygon II procedure allocate_clones(); 
/* Allocates four clones for each active polygon. The 

clones get the clone indices 0, 1, 2, and 3. */

polygon II procedure deallocate_clones(); 
/* Deallocate all active clones. */

node || procedure allocate_sons();
/* Allocates four sons for each active node. */

polygon I I relation
polygon II procedure find_relation(left, right, bottom, top); 

polygon II real left, right, bottom, top; 
/* Each active polygon determines the relationship (INVOLVED,

OUTSIDE, ENCLOSES) of its projection with the rectangle
defined by the parameters passed. */

procedure hidden_edges(root)
value pointer node root;
/* Builds a parallel quadtree to represent the scene of 

all the polygons. Performs hidden edge elimination 
based on a projection using the plane of the quadtree 
leaves as viewplane. The pointer passed is assumed to 
point to a quadtree node whose level and boundaries
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have been initialized and is used as the
root of the quadtree constructed. */ 

begin
polygon I I relation rel;
polygon || real pleft, pright, pbottom, ptop;
polygon I I pointer node node_ptr;
polygon I| real pll, plr, pul, pur;
polygon I| integer clone_index;
integer 1;

/* Start off with all polygon clones pointing to the root. */ 
in_every polygon do 
node_ptr <- root;

/* Loop from level of root node to bottom. */

for 1 <- level<root> downto 0 do 
begin

/* Each polygon fetches the boundaries of the node it
points to and determines its relationship with it. */ 

in_every polygon do 
begin
pleft <- left<node_ptr>; 
pright <- right<node_ptr>; 
pbottom <- bottora<node_ptr>; 
ptop <- top<node_ptr>;
rel <- find_relation(pleft, pright, pbottom, ptop); 

end;

/* Each node on the current level initializes the minimum
distance for its four corners to be infinity. */ 

in_every node having level = 1 do 
begin

11 <- INFINITY; 
Ir <- INFINITY; 
ul <- INFINITY; 
ur <- INFINITY; 

end;

/* Every polygon processor whose projection is not outside 
its node determines the distance from the viewpoint to 
the polygon's plane for each of the four corners of the 
node. For each of the four corners, the minimum 
distance, computed over the set of planes of all such 
polygons, is accumulated at the node processors. */ 

in_every polygon having (rel <> OUTSIDE) do 
begin

pul <- poly_plane_dist(pleft, ptop); 
pur <- poly_plane_dist(pright, ptop); 
pll <- poly_plane_dist(pleft, pbottom); 
plr <- poly_plane_dist(pright, pbottom);

ul<node_ptr> <-min pul; 
ur<node_ptr> <-min pur; 
ll<node_ptr> <-min pll; 
lr<node_ptr> <-min plr; 

end;

/* Each node on the current level initializes to FALSE 
a flag which indicates that it is enclosed by the
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projection of the closest polygon, and to TRUE a flag 
which indicates that the projections of all polygons 
are outside it. */ 

in_every node having level = 1 do 
begin

enclosed_by_closest <- FALSE; 
all_outside <- TRUE; 

end;

/* Each polygon whose projection encloses its node
determines if its plane is closest (among the planes of 
all such polygons) at all four corners of the node. 
The disjunction of these results is accumulated at the 
node processors. */ 

in_every polygon having (rel = ENCLOSES and
pul = ul<node_ptr> and 
pur = ur<node_ptr> and 
pll = ll<node_ptr> and 
plr = lr<node_ptr>) do 

enclosed_by_closest<node_ptr> <-or TRUE;

/* Each polygon knows if it is outside the node it 
points to. The conjunction of these results is 
accumulated at the node processors. */

in_every polygon having (rel <> OUTSIDE) do 
all_outside<node_ptr> <-and FALSE;

/* Finally we determine the color for each node on the
current level. */ 

in_every node having level = 1 do 
begin

if enclosed_by_closest or all_outside then
color <- WHITE; 

else begin
if 1 = 0 then color <- BLACK; 
else color <- GRAY; 

end; 
end;

/* Each polygon clone pointing to a black or white node, 
or which is outside of the node it points to, 
is de-allocated. */ 

in_every polygon having (color<node_ptr> = WHITE or
color<node_ptr> = BLACK or 
rel = OUTSIDE) do 

begin
deallocate_clones(); 

end;

/* If at the bottom level then we're done. */ 
if 1 = 0 then return;

/* Each gray node on the current level allocates sons. */ 
in_every node having level = 1 and color = GRAY do 

allocate_sons();

/* Each remaining polygon allocates four clones and
tags itself as an old clone. */ 

in_every polygon do 
begin
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allocate_clones();
in_every polygon do new_clone <- TRUE; 
new_clone <- FALSE; 

end;

/* Then the new polygon processors each get a pointer 
to one of the node's sons, and the old polygon 
processors are deallocated. */ 

in_every polygon do 
if new_clone then
node_ptr <- son<node_ptr>[clone_index]; 

else
deallocate_clones();

end; 
end;

6 Some Timing Results
In this section we present some timing results for the PR quadtree build 
ing algorithm and the hidden edge algorithm for implementations of these 
algorithms on a Connection Machine. A Connection Machine is a SIMD 
architecture based on a multi-dimensional cube. The vertices of the cube 
correspond to processors, and the edges correspond to direct communication 
links between the processors. The illusion of direct access from one processor 
to the memory of any other is supported by a sophisticated routing algo 
rithm, which deals with bottlenecks and which also supports simultaneous 
read access and simultaneous write access using several contention resolution 
operations. Due to the nature of the contention resolution mechanism, the 
amount of time required to perform a simultaneous write to or read from 
a single location tends to be proportional to the log of the number of pro 
cessors performing the simultaneous access. The Connection Machine also 
support virtual processors, meaning that each processor can emulate several 
processors, with a proportional reduction in processing speed and memory 
per processor. The mechanism of virtual processors in transparent to the 
code which runs on the Connection Machine.

The algorithms were implemented in C*, a parallel version of C, using 
floating point for all geometric coordinates and were run on a 16384 processor 
CM-2 without floating point hardware. For each algorithm and number of 
objects processed, two times are given. One is the real elapsed time, and one 
is the amount of time spent actually performing operations on the Connec 
tion Machine. The tables reveal that the running times of the algorithms on 
a Connection Machine are not in fact completely independent of the number 
of objects represented, which was expected since the execution of multiple 
reads and writes takes time proportional to the log of the number of pro 
cessors involved in the simultaneous access. This fact, together with the 
fact that such intercommunication operations tend to be the most time con 
suming operations on a Connection Machine, explains the approximate log 
dependency seen in the tables of the algorithm running times on the number 
of objects represented.

Table 1 shows timing results for the PR quadtree building algorithm for 
various numbers of points distributed randomly over a square region, for a
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quadtree with a maximum depth of eight levels.

Number of Points
10

100
1000

10000

Elapsed Time (s)
0.88
2.15
4.09
6.98

CM Time (s)
0.61
1.78
3.25
6.02

Table 1:

Table 2 shows timing results for the hidden edge algorithm for various 
numbers of square polygons distributed randomly over a parallelpiped region 
with a pre-computed parallel projection onto a viewplane parallel to one of 
the faces of the parallelpiped. The MX quadtree constructed has a maximum 
depth of eight levels, i.e. it is the MX quadtree for a 128 by 128 pixel image.

Number of Polygons
5 

50 
500

Elapsed Time (s)
9.49 
12.64 
18.79

CM Time (s)
8.57 
11.24 
15.49

Table 2:

7 Summary
This paper has presented a technique for creating SIMD algorithms for paral 
lel pointer-based quadtrees. It combines parallelism both across the elements 
of the space represented by the quadtree and across the elements of the set of 
objects represented. It produces algorithms wherein a dynamic relationship 
is maintained between elements and processors, with elements having per 
haps several processors operating on them simultaneously, and with elements 
disposing of their processors when they are no longer required, so that they 
may be re-used by other elements.

8 Future Plans
We will continue to apply this technique in the construction of parallel al 
gorithms for a variety of quadtree tasks. In addition, we point out that we 
presented this technique as an embodiment of a control mechanism which 
can exploit fine-grained parallelism to create a useful dynamicism between 
processors and elements of our processing domain. In the future we plan to 
expand on the notion of this sort of dynamicism and apply it to other data 
structures and problem domains.
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Figure 1: Before the 
first iteration

Figure 2: After the 
first iteration

Figure 3: After the 
second iteration

Figure 4: After the 
final iteration
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