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ABSTRACT

Mathematical optimization algorithms have previously been
shown to provide a solution to some map label placement
problems. This article discusses computational and carto-
graphic difficulties encountered and solved while imple-
menting such techniques in commercial map label placement
software. The solution of the optimization problem, the
automation of label overplot detection, and the representa-
tion of deleted labels in the manner best suited to assist
human intervention are discussed.

Despite remaining questions about the best way to implement
this type of computer program, our work has shown that
mathematical optimization techniques are an excellent
method for performing map label placement., This conclusion
is based on experience resolving labeling problems on maps
compiled from typical data encountered in oil and gas
exploration activities.

INTRODUCTION

Most algorithms designed for the placement of map labels
around point symbols are characterized by sophisticated

data structures and complex, rule-following logic (Hirsch
19823 Ahn and Freeman 19833 Ahn 1984; Basoglu 1984;
Pfefferkorn, et al. 1985; Langran and Poiker 1986; and
Mower 1986). In fact, these algorithms are attempts to
solve a specific type of combinatorial optimization problem
by heuristic or artifical intelligence procedures. Because
artificial intelligence is not used to solve combinatorial
optimization problems in non-cartographic applications, we
have investigated alternate methods for solving the map
label placement problem. Our work has produced a computer
program which is suitable for production mapping. Our pro-
gram solves the underlying optimization problem directly.

The optimization model for label placement was originally
exploited by Cromley (1985), who developed an overplot
resolution algorithm for point symbol labels based on a
linear programming relaxation procedure and interactive
detection of overplots. Its use was extended by Cromley
(1986) and by Zoraster (1986), who have both used integer
programming techniques along with automated detection of
label overplots.,

This paper provides a review of the optimization model for
label placement, compares this type of algorithm to other
placement algorithms, and discusses various implementation
problems.
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THE OVERPLOT RESOLUTION ALGORITHM

Simple label overplotting problems can be resolved without
sophisticated algorithms. An advantage of wusing an opti-
mization algorithm for this purpose is that it can resolve
extremely complex problems efficiently. The only require-
ment is that there be a finite number of label placement
options for each label. A prioritized set of options is
shown in Figure 1 by numbers placed around a map symbol
(X). Given such a placement priority for each label, the
best label placement for a large number of labels can be
found by use of integer programming.

3 1 2
5 X 4
8 6 7

Figure 1. Possible Label Position Options

Linear Programming and Integer Programming

Linear programming is a mathematical optimization technique
used to minimize (or maximize) the value of a linear objec-
tive function subject to linear constraints on the values
that can be assumed by problem variables (Chvatal 1983).
Given an N element vector c, an M by N matrix A, and an M
element vector b, the standard linear programming problem
is to choose the N elements of the vector x to maximize
T

c X,
subject to the constraints

A x < b.
Integer programming problems are linear programming probl-
ems with the added constraint that the elements of x must
be integer. 0-1 integer programming problems require that
the elements of x be either 0 or 1. Our overplot resolu-
tion program uses 0-1 integer programming to resolve over-
plot problems.,

Many linear ©programming algorithm implementations are
available in the form of software subroutine libraries.
Only a few of these implementations handle integer or 0-1
variables efficiently. This difficulty 1is discussed in
more detail later in this paper.

The Overplot Problem Formulated As a 0-1 Integer Pro-
gramming Problem

Assume that each of the K labels on a map can be placed in
one of Ni possible positions, one of which corresponds to
deletion from the map. In the mathematical formulation of
the overplot resolution problem, each position for labhel k

will correspond to a single variable Xi,k (i = 1,2,...,Ng)
which can take on the values of 0 or 1. Only one variable
corresponding to each label is allowed to be 1. This

restriction is enforced by the following constraints:
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Z Xi,o =1 k=1,2,...,K. (1)

If an overplot is possible between the i-th label position
for label k, and the j-th label position for label m, then
the following constraint needs to be enforced:

Xisk *+ Xjrm L. (2)

Each position for each label will have a penalty Wj,, asso-
ciated with its use. Normally the optimal position will
have a penalty of 0 and other positions will have positive
penalties proportional to the difficulty caused by attempt-
ing to associate a well label in that position with its
correct symbol. The penalty associated with deletion of a
label from the map will be the largest penalty. Our goal
is to attempt to minimize the total penalty represented by

Z Yo Wik Xirke (3)
i k
subject to the constraint sets (1) and (2).

ALGORITHM IMPLEMENTATION

Three major concerns in the implementation of any map
design software are program speed, the quality of the out-
put, and the ease with which the results can be edited by a
cartographer. For this lahel overplot program, speed is
affected primarily by the algorithm used to detect over-
plots and the algorithm used to solve the optimization
problem. The quality of the output is primarily affected
by how close the integer programming algorithm can approach
an optimal solution to the integer programming problem.
The handling of labels deleted from the input map is the
most important factor affecting final map editing. Fach of
these concerns is addressed in the following paragraphs.

Overplot Detection

To detect overploting efficiently, label placement data
must be partitioned or sorted. Cromley (1986) has sug-
gested a referencing label positions to a Thiessen diagram
based on the map symbols, but we have found that less
sophisticated label locating schemes are cost effective for
our application. We have used a simple sweep algorithm in
which the labels, map symbols, and line segments are first
sorted according to their X coordinates and then subject to
a hierarchy of tests to detect actual overplots between
items whose projections on the map X-axis overlap.

We have implemented a sequence of tests which allow most
potential conflicts to be eliminated from consideration
quickly, Intelligent programming strategies then make each
required interference check simple. For example, when
checking for the intersection between an arbitarily ori-
ented label and a point symbol, the point symbol's position
is rotated and normalized with respect to the orientation
and center of the label, so that the intecference check
requires measuring only the magnitudes of each of the coor-
dinates of the point symbol in the new coordinate system.
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Practical Integer Programming Algorithms

Integer programming problems are generally difficult to
solve., Ffor large problems it is often impossible to obtain
a feasible solution that is close to the optimal solution
using general purpose software. Special techniques based
on the structure of the constraints and on the structure of
the objective function, along with careful problem formula-
tion are required to solve such large problems (Johnson et
al. 1985). A map label placement problem with hundreds or
thousands of labels and hundreds of constraints creates a
large integer programming problem. Most of the computer
time required by our program is spent solving the integer
programming problem.

Fortunately, the structure of the overplot resolution prob-
lem can be exploited to obtain efficient solutions. The
optimization algorithm we use has been developed speci-
fically to solve this map labeling problen. Our solution
technique uses Lagrangian relaxation of the interference
constraints which are included in the objective function
subject to multiplication by a vector of Lagrangian
weights. Using matrix notation, the problem we solve 1is

min: wix - dT[ 1-Ax ]

subject to: Px = 1

along with the 0-1 restriction on the elements of x and the
restriction d > 0. The equality constraints are simply the
set (1) written in matrix format, and the inequality con-
straints are the pairwise conflict constraints (2), again
written in matrix format. The elements of the vector d are
the Lagrangian weights and are approximations to the dual
variables of a linear programming relaxation of the origi-
nal integer programming problem.

The Lagrangian weights are adjusted in an iterative manner
according to the "subgradient optimization" method (Held,
et al. 1974). When using this algorithm, the penalties
for label wvariables corresponding to wunsatisfied label
interference constraints are increased at each iteration,
while the penalties for label variables corresponding to
constraints that are not binding are decreased. The amount
of change is reduced periodically in a manner that guaran-
tees algorithm convergence. On most maps this algorithm
produces what appears to be very close to an optimal label
placment. We have encountered no maps for which this algo-
rithm does not produce at least a reasonable answer. 0f
course a map which is very densely labeled may require many
label deletions to produce a solution.

Many other algorithms exist to solve integer programming
problems. We have not seriously investigated the wide
range of solution techniques available. Research to deter-
mine the best algorithm for this particular problem would
be very useful.
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Deleted Labels

The optimization algorithm performs the majority of work
required to resolve label overplotting, but many maps will
benefit from interactive editing to complete the label
placement process. One type of data required during an
editing session is information about exactly which labels
have been deleted in order to obtain a solution. Two obvi-
ous graphical methods for recording this information are
available. Deleted labels may be written to a distinct
graphic layer of the output picture file or to a digital
copy of the original input from which all other labels have
been removed. Writing the labels to a distinct layer on
the output picture is most useful if the program user has
access to a color graphic device. Since many users of our
software work on monochrome terminals, we have chosen to
write the deleted labels, along with their associated sym-
bols, to a second picture.

Better solutions to the problem of handling deleted labels
might involve the automatic creation of insert maps at a
larger map scale or the display of all deleted labels in a
table outside the map border. The 1labels in the table
could be referenced to their true positions on the map by a
special class of symbols used to replace those symbols
corresponding to deleted labels. Implementation of either
of these options would require much work.,

ADVANTAGES OF OPTIMIZATION APPROACH TO LABEL PLACEMENT

Most previous algorithms designed to solve the point label
placement problem have not made use of mathematical optimi-
zation algorithms, but there is nothing in the reported
problem formulations which precludes the use of this type
of solution, Combinatorial algorithms described in the
literature of mathematical optimization make as much use of
mathematical techniques as 1is practical; these include
algorithms designed for business planning, transporation
analysis, personnel assignment, the allocation of military
resources, and many other applications. In each of these
domains heuristic techniques are wused only when math-
ematical techniques fail because mathematical techniques
pcoduce better solutions,. We believe that computer pro-
grams based primarily on optimization algorithms will out
perform algorithms based on heuristics or artificial intel-
ligence in this application as well.

There are at least two other significant reasons to favor
the use of mathematical optimization algorithms to place
map labels. First, mathematical optimization algorithms
are easily implemented in procedural languages. Although
there has been much talk about object oriented languages
such as LISP or PROLOGUE for cartographic applications,
most mapping systems are still coded in languages such as
FORTRAN or C. Because cartographic problems often are
mathematical in structure, procedural languages will con-
tinue to be used for the implementation of many carto-
graphic programs. The program we have developed for map
label placement is coded in FORTRAN 77,
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Second, this type of algorithm has bheen proven using our
computer program on many complex maps created by the oil
and gas industry. To our knowledge, none of the other
techniques previously presented in the cartographic liter-
ature as solutions to this problem have actually been used
in production mapping. Fiqgures 2 and 3 show label place-
ments before and after overplot resolution for a small map
with 40 point symbol labels, Similar quality results have
heen obtained on much larger data sets. For example, prob-
lems with over 2100 point symbol labels and over 1600 label
conflicts have been executed on a VAX 750 in less than 1
CPU hour.

CONCLUSIONS

The optimization model for map label placement provides a
practical solution to an important problem in automated
cartography. Its usefulness has been proven in the com-
pilation of maps with thousands of point feature labels and
hundreds of label conflicts.

There are several unresolved technical problems in the
implementation of this type of algorithm, Research to com-
pare different ways of solving the optimization problem
would be very useful. Also, better methods for displaying
information about labels deleted from a map and methods to
assist the interactive editing of the map created by this
type of algorithm need to be investigated.
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Figure 2. Point Symbol Labels With Overplotting
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Figure 3. Point Symbol Labels With Overplots Resolved
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